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Abstract. In these expository lectures, we give an elementary introduction to 
conformal field theory in the context of probability theory and complex analysis. 
We consider statistical fields, and define Ward functionals in terms of their Lie 
derivatives. Based on this approach, we explain some equations of conformal 
field theory and outline their relation to SLE theory. 
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Introduction 



Conformal field theory (CFT) has different formulations as well as multiple applica- 
tions. One of the best known applications concerns the theory of 2D lattice models 
at their critical points. Borrowing ideas and intuition from quantum field theory, 
Belavin, Polyakov, and Zamolodchikov [BPZ84] introduced an operator algebra for- 
malism which relates some critical models to the representation theory of Virasoro 
algebra. 

The underlying objects of BPZ theory are correlation functions of certain "fields," 
apparently smeared-out and renormalized continuum versions of random fields on 
a lattice. The mathematical meaning of these objects is not completely clarified, 
but the focus is instead on the algebraic structure of "local operators" which act 
on and are identified with the fields. The main assumption of the theory is that 
the operators (or fields) behave nicely under "conformal transformations." The 
operators related to the so-called stress-energy tensor (defined as the local response 
of the action in the functional integral) play a special role in generating a Virasoro 
algebra representation whose central charge c is the fundamental characteristic of 
a critical model. Belavin, Polyakov, and Zamolodchikov showed that in the case of 
degenerate representations, the correlation functions satisfy a special type of linear 
differential equations. Finally they defined a class of conformal theories ("minimal 
models" ) which describe and "solve" (in a physically accepted sense) discrete critical 
models such as Ising, Potts, etc. 

The paper [BPZ84] had a great influence on the developments of conformal fleld 
theory. The operator formalism, which does not depend on a specific (e.g., statisti- 
cal) nature of the underlying fields, has been applied to a variety of other physical 
problems, see [DFMS97]. In mathematics, the study of abstract vertex algebras 
became an important part of modern representation theory [FLM88] , [Kac98] . 

A different approach to critical lattice models was proposed by Schramm [SchOO] 
who introduced stochastic Loewner evolution (SLE) as the only possible candidates 
for the scaling limits of interface curves in several such models. His idea turned out 
to be very successful and led to the rigorous proof of some important conjectures in 
statistical physics, in particular some very non-trivial predictions of CFT. The work 
of Lawler-Schramm- Werner ([LSWOla], [LSWOlb], [LSW02b], [LSW02a] , [LSW04] ) 
and Smirnov ([SmiOl], [SmilO]) exemplifies the remarkable achievements of complex 
analytic/probabilistic methods. In connection with their developments in the SLE 
theory, there has been some interest in interpreting the original CFT arguments in 
(less abstract) terms of statistical models, and more generally in understanding the 
precise relation between CFT and SLE, see e.g., [FW03] and, on the physical side, 
[BB02], [BB03], and [Car05]. 
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INTRODUCTION 



The goal of these mostly expository lectures is to give an elementary introduction 
to CFT from the point of view of random or statistical fields. More precisely, we 
will describe an (rather pedestrian) implementation of CFT in the specific case of 
statistical fields generated by certain non-random modification of the Gaussian free 
field (GFF). Gaussian free field is the simplest ("trivial") example of Euclidean 
field theory; its mathematical aspects are well understood, see [Sim 74], [Jan97]. 
The modifications of the Gaussian free field that we will consider in these lectures 
are implicit in the work of Schramm and Sheffield [SSIO] and explicit in the physical 
paper [RBGW07]. Related ideas are certainly present in the much earlier papers 
by Cardy [Car84], [Car92]. 

We will only cover some starting points of the BPZ theory: we will accurately 
define and explain such basic concepts as Ward's identities, stress tensor, and vertex 
fields in terms of correlation functions of our random fields, but we will not reach 
the part of the theory concerning minimal models, and the only degeneracy we 
study will be of level two. In Appendix D we will briefiy explain the relation of 
our constructions to the operator algebra formalism by explicitly describing some 
form of the "operator-field correspondence." In the last two lectures we will discuss 
connections with the SLE theory. 

It should be mentioned that we only consider the simplest conformal type of the 
theory - the case of a simply connected domain with a marked point on the bound- 
ary, cf. [Car84] , [Car92] , and we only consider the Gaussian free field with Dirichlet 
boundary conditions. This conformal type of CFT is relevant to the theory of 
chordal SLE. The more traditional setting - CFT in the full plane ([BPZ84]) - is 
somewhat more involved and will not be discussed here. 

Many computations in these lectures are completely standard from the CFT per- 
spective - we include them for the sake of consistency and to make the exposition 
self-contained. We want to emphasize one more time that what we are considering 
is a very specific model of CFT, and modern physical and algebraic theories go so 
much further. At the same time, we believe that this model is interesting in its own 
right, and its generalizations to more sophisticated conformal geometries may turn 
out to be quite non-trivial. 



LECTURE 1 



Fock space fields 

We introduce a class of random fields defined in a simply connected domain D in 
the complex plane. All our fields, which we call Fock space fields, are constructed 
from the Gaussian free field and its derivatives by means of Wick's calculus. Fock 
space fields may or may not be distributional random fields but their correlation 
functions are well-defined, and we can think of the fields as functions in D whose 
values are correlation functionals. 

Later, in Lecture 3, we will revise the definition so that the fields will have certain 

geometric/conformal properties in the sense that their values will depend on local 
coordinates ( "conformal fields" ) . The functionals and fields that we consider in this 
first lecture are conformal fields expressed in the identity chart of D. In Lecture 7 
we will further extend the concept to include some "multivalued" (chiral) fields. 

In the first two sections we recall some basic facts concerning the Gaussian free field, 

its Fock space, and Wick's calculus, see [Sim74] and [Jan97]. In Section 1.3 and 
Section 1.4 we define correlation functionals and Fock space fields (as functional- 
valued functions) . In Appendix A we will comment on the probabilistic meaning of 
Fock space fields. 

1.1. Gaussian free field 

• A real-valued random variable ^ is Gaussian or normal with mean /i and variance 
a2 if 

A family (finite or infinite) of random variables is jointly Gaussian if any finite linear 
combination is Gaussian. The joint distribution of such a family is determined by 
the means and covariances of the random variables. In particular, if ^i, • • • are 
centered (i.e., = 0) jointly Gaussian random variables, then 

(1-1) mi--<n] = Y.\{n^iuihi 

k 

where the sum is over all partitions of the set {1, • • • , n} into disjoint pairs {ife; Jfc}- 

A complex-vahicd random variable is GaTissian if its real and imaginary parts are 
jointly Gaussian. Clearly, the formula (1.1) holds for complex- valued jointly Gauss- 
ian variables as well. 

• A Gaussian field indexed by some real Hilbert space is an isometry 
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4 1. FOCK SPACE FIELDS 

such that the image consists of centered Gaussian variables; here (fi, P) is some 
probabihty space. Complexifying, we can extend this map to an isometry 

which we also call a Gaussian field (indexed by H). 

One way to construct a Gaussian field is to choose an orthonormal basis {e^} in 
and a family {^a} of independent standard normal variables on some proba- 
bility space, and set i— )■ A Gaussian field indexed by is unique up to an 
isomorphism of L^-spaces. 

• Let D he a planar domain with the Green's function G = Gd{Cj z)- For example, 
in the upper half-plane 

Il:={z: Imz > 0}, 

we have 

c- 



GwiC, z) = log 

The Gaussian free field $ in D with Dirichlet boundary condition is the Gaussian 
field indexed by the Dirichlet energy space £{D), 

^:S{D)^L'^{n,P). 

The Hilbert space S{D) can be defined as the completion of test functions / G 
Cq^{D) with respect to the norm 

(1-2) 'l^'l^ = // ^^^^ ^ dA{OdA{z), 

where A is the area measure. 

• By definition, the n-point correlation function of 

{zi, . . . , Zn) 1-^ E[<I)(2;i) . . . $(z„)], {zj G D, points zj are distinct), 
is a unique continuous function such that 

(1.3) E[$(/i) . . . #(/„)] = J fi{zi) . . . fn{Zn) E[$(zi) . . . ^{Zn)] dA{zi) . . . dA{Zn) 

for all test functions fj with disjoint supports (here, in fact, for all test functions). 
It is clear that the 2-point correlation function is 2G{zi, Z2), and 

E[$(zi)...$(z„)] = ^n '^Gizi^zj,), 

k 

exactly as in (1.1). In other words, we can think of $(z) as a "generalized" Gaussian 
and use the symbolic representation $(/) = / ^{z)f{z)dA{z) in the computation 
of correlations. 

• Derivatives of OFF. The fields J = 5$, J = 5$, and higher order derivatives are 
well-defined as Gaussian distributional fields, e.g., 

J(/) = -$(a/), f^C^[D), 

so J is a map C^{D) L^{^,P) (or J : £{D) L2(0,P)). We can compute the 
correlation functions of the derivatives by differentiating the correlation functions 
of the Gaussian free field. For example, ioY C, ^ z we have 

E[ J(C)$(z)] = 2d^G{Q, z) = -^_--^ in M; 

s z z 



1.2. FOCK SPACE OF GAUSSIAN FREE FIELD AND WICK'S MULTIPLICATION 5 

and 

E[J(C)J(z)] = 2d^dMC.z) = -(^^ inM. 
The meaning of these expressions is similar to formula (1.3). 

1.2. Fock space of Gaussian free field and Wick's multiplication 

• For n > 0, let "H®** denote the n-th symmetric tensor power of a Hilbert space 
T-L\ it is the completion of linear combinations of elements /i • • • /n, (the order 
does not matter: f Q g = g Q f), with respect to the scalar product 

n 

(/l • • • /n, 51 • • • , ^n) = Ylifj'daU)), 

aeS„ j=l 

where Sn is the group of permutations of the set {!,••• , n} . The (symmetric) Fock 
space over T-L is the Hilbert space direct sum 

oo 

Fock(^) = ^®", (7^®o := C). 

n=0 

The algebraic direct sum X^^o^*^"' "symmetric tensor algebra", is a commu- 
tative algebra with respect to the natural multiplication 0. 

• Wiener chaos decomposition. Let T-L — L^(r2,P) be a Gaussian field indexed 
by "H. If we identify H with its image in L^(ri,P) and denote by cr('H) the a- 
algebra generated by Ti, then the Fock space over T-L can be identified with := 
L'^{Q,a{'H),P) as follows, see [Jan97]. Denote 

Hn = span{^i ■■■^m ■ m<n}Q spanj^i ■ ■ ■ ■ m <n} C L^, 
where ^j's in the both spans are arbitrary elements of H, and consider the map 

H'^'^^-Hn, ^iQ---QCn ^ vr„(6 •••€«), 

where tt^ is the orthogonal projection in onto Hn- Under this correspondence, 
the symmetric tensor algebra multiplication corresponds to the so-called Wick's 
multiplication in L^: 

iiXeHm,Ye Hn, then X QY = TTm+n{XY). 

(An alternative and more traditional notation is -.XY: .) The identification 

oo 
n=0 

is called the Wiener chaos decomposition. The fact that the described construction 
gives a unitary map Fock('H) — t- is based on the following Wick's formula, which 
provides the chaos decomposition for products of Gaussian variables, and which 
will play a central role in the definition of Fock space fields. The formula is stated 
in terms of Feynman's diagrams. 

• A Feynman diagram 7 labeled by random variables ^1, • • • ,S,n is a graph with 
vertices 1, 2, • • • , n, and edges ("Wick's contractions") {v, v'} without common end- 
points. We denote the unpaired vertices by v" . The Wick's value of the diagram is 
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1. FOCK SPACE FIELDS 



the random variable 

(1-4) 0(7)= n n^v^v']o^v". 

{v,v'} 

For example, the Feynman diagram with two edges {1, 4}, {3, 5} and two unpaired 
vertices 2, 6 corresponds to 



(a 6 6) (6 6 6) := E[66]E[66]6 6- 



Wick's formula. Let ^jk, < j < 1,1 < k < ruj), be centered jointly Gaussian 
random variables, and let Xj = ^ji Q ■ ■ ■ Q ^jmj ■ Then 

X,...Xi = ^Q{j), 

7 

where the sum is taken over all Feynman diagrams (labeled by the variables ^jk) 
such that no edge joins ^j^ki o-'^'d £,j2k2 Ji = 32- 

• Wick's powers and exponentials. If ^ is a centered Gaussian with variance a^, 
then 

(1.5) = a'^Hn 

where Hn are the Hermite polynomials, 

(1.6) H2{x) = x^-\, Hsix) = x^- 3x, Hi{x) = x'^ - Qx'^ + ?>, ■■■ . 

Recall that the polynomials Hn are monic and orthogonal with respect to the stan- 
dard Gaussian measure on M, so (1.5) is just the chaos decomposition in the case 
dmiT-L = 1. We define 

n! 

n=0 

Using the generating function 

(1.7) -'^-'^' = En^Hn{x), 

n=0 

we get 

In particular, if ^ and rj are jointly Gaussian, then 
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1.3. Fock space correlation functionals 

• Let -D be a domain in C and let $ be the Gaussian free field in D. Basic correlation 
functionals are formal expressions of the type 

Xi{zi)Q---QXn{Zn), 

where points Zj G D are not necessarily distinct and X^'s are derivatives of the 
Gaussian free field, (i.e., Xj = d°'d^^). We also include the constant 1 to the list 
of basic functionals. 

A general Fock space correlation functional A" is a linear combination (over C) of 
basic functionals. We allow some infinite combinations, e.g., the exponentials 



71=0 

For our purposes it will suffice to consider the class of quasi-polynomial functionals 
that consists of finite linear combination of ©-products of exponentials and basic 
functionals. This class is a graded commutative algebra (with respect to formal 
chaos decomposition and Wick's multiplication), e.g., 

^Qa^{z) Q g©/3*(2) ^ g©(a+/3)*(2;)_ 

Notation. We will write Sx or S{X) for the (finite) set of all points zj, the nodes 
of X, appearing (after cancelations) in the expression of X. 

In the rest of the section we explain (or rather define) various natural operations on 
correlation functionals such as (tensor) products, expectations, weak convergence, 
and complex conjugation. In addition, we will need to explain the meaning of the 
statements like "J = is purely imaginary on the boundary." 

• Tensor products. We use Wick's formula, which describes products of Gaussians 

in terms of their Wick's products, to define the usual (or tensor) products Xi - ■ ■ 
of correlation functionals with pairwise disjoint sets S{Xj). Namely, for basic func- 
tionals 

Xj = Xji{zji) • • • Xjnjizjrij), (fields Xjk are derivatives of $), 
we set (cf. (1.4)) 

(1.8) Xi---Xm = Y^ n HM^v)X^'izv')]QX^.{z^.), 

{v,v'} 

where the sum is taken over Feynman diagrams with vertices v labeled by func- 
tionals Xjk such that there are no contractions of vertices with the same j, and the 
Wick's product is taken over unpaired vertices v" . By definition, the expectations 
in (1.8) are given by the 2-point functions of derivatives of the Gaussian free field, 
e.g., 

We extend the definition of tensor product to general correlation functionals by 
linearity. 

Proposition 1.1. The tensor product of correlation functionals is commutative 
and associative. 
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Commutativity is of course obvious. To prove that 

(1.9) xi-- Xmyi ■■■yn = {Xi--- x,n){yi ■ ■ ■ yn), 

one needs to show that there is one-to-one correspondence between Feynman's 
diagrams corresponding to the left-hand side and the right-hand side of (1.9), which 
is an easy exercise. 

An alternative argument is as follows. Approximate the values Xj{zj) of derivatives 
of the Gaussian free field involved in the formula by jointly Gaussian variables, see 
Appendix A. Then apply Wick's calculus to the Gaussians, and take the limit. 

• Expectation values of Junctionals. We define EX in terms of the chaos decompo- 
sition of X : 

E[l] = 1, 

and 

E[Xi(2;i) ... Xn{zn)] = 0, (fields Xj are derivatives of $). 
For example, 

k 

(see (1.1)) and 

Since tensor products of functionals are defined by Wick's formula, our defini- 
tion of EA' is consistent with the definition of the n-point correlation functions of 
derivatives of the Gaussian free field introduced earlier. Correlation functions are 
"expected values" of correlation functionals. 

Given X, consider the linear space Vx = {y : SyCiSx = (l)}. We have a linear map 

Vx^c, y^-E[xy], 

so we can think of A' as a linear functional on Vx- This explains our terminology 
("functionals") and also introduces some kind of weak topology in the space of 
functionals. For example, the statement 

^>(zi)0$(z2) ^ $®2(z), {zi,Z2^z) 

means (by definition) that 

E[($(zi) Hz2))X] ^ E[$®2(^);f] 

for every X such that z ^ Sx- Essentially all statements in conformal field theory 
have a similar meaning (they hold "within correlations"). 

• Trivial functionals. From the point of view of calculus of correlations, we can 
identify functionals Xi and X2 such that 

E[Xiy] = ¥,[X2y] 

for all y with nodes outside Sx^ U 8x2 ■ In this case, we will write Xi « X2 and later 
just Xi = X2. 

Example. {dd^){z) « 0. Of course, dd^ 7^ as a Gaussian distributional field. 
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It is easy to check that for all y, 

iiX^O, then XQy^O, Xy ^ 0. 

In particular, J\f = {X 0} is an ideal of Wick's algebra, so we effectively consider 
Fock space functionals modulo J\f. Also, it is clear that 

X ^0 a and only if 'E[X{^{zi) • • • ^{zn))] =0 ($ is the Gaussian free field) 

for all n and all sets {zi, ■ ■ ■ , Zn} in \ Sx- In particular, X is trivial if and only if 
all its chaos decomposition components are trivial, and therefore the factor algebra 
preserves the grading. 

• Often we can extend the concept of a correlation functional X to the case when 
some of the nodes of X lie on the boundary — we simply define the correlations 
£[^"3^] in terms of the boundary values. 

Example. For z G dD, e®°*(^) = 1. 

There is a natural operation of complex conjugation on correlation functionals: 

^z) = ^z), {d^){z) = {d^){z), ^Qy = XQy. 
More generally, the functional X is defined (modulo A/") by the equation 

E[xy] = E[xy] 

for ah y's of the form $(zi) • • • $(zn). 

Example. If J = 9$ in the half-plane H and if z € dM, then J{z) is purely 
imaginary, i.e., J{z) = —J{z), and J{z) J{z) is real. 

1.4. Fock space fields 

• Basic Fock space fields are formal expressions written as Wick's products of 
derivatives of the Gaussian free field e.g., 

1, $0$, 5$ 9$, 5^$0^>0$, etc. 

A general Fock space field is a linear combination of basic fields X^, 

a 

where the {basic field) coefficients are arbitrary (smooth) functions in D. We 
think of A" as a map 

z^X{z), (zeD), 
where the values X = X{z) are correlation functionals with Sx C {z}. Thus Fock 
space fields are functional- valued functions. Wick's powers $®"' and Wick's ex- 
ponentials e®"* of the Gaussian free field are important examples of Fock space 
fields. 

If Ai, • • • , Xn are Fock space fields and zi, • • • ,Zn are distinct points in D, then 

X = Xi{zi) ■ ■ ■ XniZn) 

is a correlation functional. We often refer to its expectation 
(1.10) B[X^{zi) ■ ■ ■ XniZn)] 

as a correlation function. 
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The collection of Fock space fields (modulo M, the ideal of fields whose values are 
trivial functionals) is a graded commutative algebra (over smooth functions) with 
respect to pointwise Wick's multiplication. On the other hand, the "usual" product 
{Xi,X2) 1-^ X1X2 is not defined, but we can consider the tensor products, which 
are multivariable fields. For example, 

X = Xi<^X2 

is defined in D x D \ {diagonal}. Its value at {zi,Z2) is the "string" Xi{zi)X2{z2)- 

Remark. We often consider Fock space fields with basic field coefficients defined 
only in some open set U C D ("local fields"). It is important that underlying basic 
fields are global (originated from the Gaussian free field in D). 

• We define the differential operators d and B on Fock space fields by specifying 
their action on basic fields so that the action on $ is consistent with the definition 
of d^,d^ (as distributional fields) and so that 

d{X QY) = (dX) QY + XQ (dV), d{X QY) = (BX) QY + X Q (BY). 

We extend this action to general Fock space fields by linearity and by Leibniz's rule 
with respect to multiplication by smooth functions. 

Examples. BB[^ $] 2 J J, ^e®"* = aJ Q e®°^*. 

It is easy to see that BX is a unique (modulo J\f) field satisfying 

B[idx)iz)y] = d,B[xiz)y], (z Sy), 

for all correlation functionals y. Also, it is clear that BX = dX. 

• By definition, X is holomorphic in D if BX fs 0, i.e., all correlation functions 
E[X{C)y] are holomorphic inC £D\Sy. 

Examples. J = 5#, X = J Q J are holomorphic fields. 

Holomorphic fields play a prominent role in conformal field theory. Their properties 
are quite different from those of usual holomorphic functions, and some formulas 
involving holomorphic fields look unfamiliar from the point of view of "classical" 
complex analysis. 
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Fock space fields as (very) generalized random 

functions 

In this appendix we want to substantiate the concept of Fock space functionals and 
fields, which we introduced as somewhat formal algebraic objects. We already men- 
tioned that we can think of functionals as "generalized" elements of the Fock space, 
and therefore view fields as "generalized" random functions (cf. fields in lattice 
models). One way to make this point of view clear is to approximate correlation 
functionals by genuine random variables. 

A.l. Approximation of correlation functionals by elements of the Fock 

space 

For each z e D, let us choose test functions fe,z{-) supported in a disc of radius e 
about z and satisfying 

fe,z as e 

(as measures). Define Gaussian random variables 

^£{z) = ^{fe^z), (*& is the Gaussian free field), 

Je{z) = J{fe,z) = -^{dfe,z), {d^^)e{z) = ^{d^fe,z), etc. 

Varying z, we get random functions which approximate the Gaussian free field and 
its derivatives in the sense of convergence of correlation functions. For example, we 
have 

^[Je{zi)Je{z2)] ^ E [J(zi) J(z2)] , (^1 / ^2). 

Indeed, the left-hand side, 

2 jj G{C,rj)dfe,z,{Odfe,zM = '^ 11 d^dr^G{C,V)fe,zAQfe,zM, 

converges to 2did2G{zi, Z2) = 'E,[J{zi)J{z2)\ ■ Usually, when there is no danger of 
confusion, we omit dA{C,), etc. 

Next, we extend this approximation to Wick's products, and therefore to general 
Fock space functionals/fields. For example, we define 

Xe = -\{J J)e := -\{Je © Je), X, : D 

where H.®'^ is the symmetric tensor square of the Hilbert space % = £{D), see Sec- 
tion 1.2. Again, it is clear that the correlations of converge to the corresponding 
correlations of the field X = —^J Q J. This follows from Wick's formula and from 
the convergence of the 2-point function of established in the previous paragraph. 

Thus we can say that Fock space fields are "generalized" random functions — they are 
limits of random functions in the sense of correlations. (This point of view is some- 
what similar to the definition of Colombeau's "generalized" functions (see [Col85]).) 
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A. FOCK SPACE FIELDS AS (VERY) GENERALIZED RANDOM FUNCTIONS 



In practical terms, we can use approximating random functions to compute cor- 
relations of Fock space fields at distances much greater than the "wavelength" e. 
Moreover, we can give a similar interpretation to other equations of conformal field 
theory. For instance, operator product expansions, which we discuss in the next 
lecture, hold on approximate level as e <C |C — ^| — ^ so that the error term "o(l)" 
has vanishing correlations with all fields at positive distance from z. For example, 

^e{0^e{z) = log + 2c(z) + $f (Z) + o(l) aS £ < |C - ^| ^ 0. 

Here, c(z) is the logarithm of conformal radius C(z), 

w{z) — w{z) 
w'{z) ' 

where u; is a conformal map from D onto the upper half-plane H. The logarithm of 
conformal radius can be described in terms of the Green's function, see (A4), (2.2), 
and (3.2). 

A. 2. Distributional fields 

• Some important Fock space fields admit a much stronger, more analytical inter- 
pretation. We say that a Fock space field is distributional if it can be represented 
by a linear map / i->- X{f ) from a space of test functions to the space L^(r2,P) of 
random variables on some probability space; the Gaussian free field and its deriva- 
tives are the simplest examples. This is the kind of fields studied in axiomatic 
(Euclidean) field theory; distributional fields also play an important role in analy- 
sis and probability theory. Assuming that random variables have all moments, we 
require 

(A2) E[X(/i) ■ ■ ■ X{fn)] = J - J nX{zi) ■ ■ ■ X{Zn)]fl{zi) ■ ■ ■ Uzn) 

for any test functions with disjoint supports. Note that E has different meanings 
in this formula; E in the left-hand side is the expectation of random variables and 
E in the right-hand side means the correlation function, see (1.10). 

Let us show that Wick's powers $®"' and exponentials e®"* with |a| < 1 exist as 
distributional fields 

Co~(Z))-^l2(0,P), 
see [DS] for a stronger statement. 

To construct the map * we follow the same idea as in the previous section but we 
interpret random functions 

as linear operators 

and prove convergence in the strong operator topology. 

Almost any choice of approximating random functions will do the job but the 
estimates are particularly simple if we define 

where mz,s is the normalized arclength of the circle of radius e <C 1 centered at z. 



(Al) c{z) = logC{z), C{z) = 
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Proposition. j4s e — >■ 0, — > $ m the sense that for all test functions f the 
random variables ^e{f) converge to $(/) in L^. 

Proof. Note that $£(C) is a centered Gaussian random variable with 

(A3) var ($,(C)) = 2\\m^jl = 21og ^ + 2c(C), 

where c{Q is the logarithm of conformal radius of D, see (Al). Indeed, 

var($,(C)) = 2 J J G{C,v)dmc,e{Odmc,M- 

Set n(C, z) = Gd{C, z) + log |C — zj. Then the logarithm of conformal radius can be 
written in terms of the Green's function as follows: 

(A4) c(C) = n(C,C). 

Using the harmonicity of the map z z), we have the following expression for 

the Green potential Uj-,'''^{= J m(^^ir{^)G{^, •)) of m^^^: 

{u{C,r]) +log^, if\C-r]\<£; 

UD''iv) = { ' 1 

y u{C,, rf) + log j- , otherwise. 

Thus we have 

var($,(C)) = 2||mc,,||| = 21og^ + 2 j ^x(C, r/) (im^,,(?7) = 2 log ^ + 2n(C, C), 

which shows (A3). Arguing as above, we show e{Q^ s{z)] = "^K^^C,^ z)+2u{C,, z), 
where 



(A5) 



K,{C.z) =log^^, if >2£; 

\Ke{CTz)\ < log-, otherwise. 



Integrating against test functions /, var ($£(/)) var ($(/)). In a similar way, 
cov($£(/), $(/)) -)• var ($(/)) . Therefore, we obtain var {^e{f) — ^(/)) ^0. □ 

• Exponentials and powers of the Gaussian free field. We represent Wick's powers 
$®"' and exponentials e®"^* with |a| < 1 as distributional fields in the following 
way: 

(A6) = lim $®", e®°^* = Urn e®"*^ , 

where the limits are in the strong operator topology. The existence of the limits is 
shown below. Thus we have 

g©a* ^ ciz)""^ lime"' e"*% (lal < 1), 
where G{z) is the conformal radius (see (Al)) and 

$®" = lim a^^Hn , {al = var($,)), 

e-5>0 K^e J 

where HnS are the Hermite polynomials, see (1.6). For example, 

C C C 

$®2 = lim _ 2log -, $®4 = lim _ ^2(^2 _ _^ i21og^ -. 

£->-0 £ £-^0 £ £ 
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Proposition, (a) Suppose \a\ < 1. 

(i) For all test functions f, the random variables e®"*^ (/) converge in as 
£ ^ 0. 

(ii) Let e®°*(/) denote the -limit. Then the random variable e®"*(/) has all 

moments. 

(iii) The linear map e®"* : / e®"*(/) is distributional in the sense that (A2) 
holds. 

(b) Similar properties hold for Wick's powers $®"'. 

Proof, (a) (i) Given a sequence {£m}m=i ^'^^^ i 0, we set = Note 
that 

cov(e®-*-(/),e®"*"(/)) = jj cov(e®"*'"(C),e®"*"(z))/(C)M, 

where 

cov(e®"'='-(C),e®"*"(z)) = eMW?mm{0^n{z)]) - 1. 
It follows from the estimate on £[#^(0^71 (2^)] similar to (A5) that 

cov(e®"*™(/),e®"*"(/))- I [ (e2|«PG(C,.) _ i)/(C)7(^ 

{s-'\-\'e'-(i'^)-l)f{Om, 

-~z\<em+e„ 

where s = max(e^,£„). If \a\ < 1, then the right-hand side in the above estimate 
tends to as min(m,ra) — > 00. On the other hand, if \a\ < 1, then the integral 

is finite. Thus {e®"*'"(/)} is a Cauchy sequences in L^, which has an L^-limit. 
This limit does not depend on a particular sequence {£m}m=i- 

(ii) By (i), there is an almost sure convergent subsequence {e®"*™-*; (/)}. It follows 
from the estimate (A5) that for all p G (0, 00), 

supE|e®"*'"(/)|P < 00. 

m 

Thus the random variable e®"*(/) is in L^. Furthermore, 

(A7) e®"*-fc(/) Ae®'**(/). 

(iii) We first note that for all m, 

(A8) E[e®-*-(/i) ••• e®-*-(/n)] 

^ /■■■/ e"'^^<^'''*'"^'^'^*'"^''=^' fi{zi)---fn{zn). 
It follows from the estimate (A5) that the right-hand side of (A8) converges to 

I ■ J e2"'^.<fc«(^-^'=) /l(^l)---/n(^n). 

On the other hand, we have 

(A9) E [e®"i*(zi) • • • e®""*(zn)] = e^^.x^^i^fc G{zj,zk)_ 
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Using (A7), by passing to a subsequence, the left-hand side of (A8) converges to 
E [e®"*(/i) • • • e®"*(/„)] . Thus the linear map e®"* is distributional. 

(b) Project e®°*-(/) onto 7^®". Then the convergence of $®"'(/) in follows from 
the convergence of e®"*-(/). The other parts are left to the reader. □ 



Remarks, (a) As Fock space fields, Wick's exponentials satisfy (A9) without any 
restriction on a^'s. 

(b) Exponentials with |a| > 1 cannot be distributional since the positive 2-point 
function 

^2\a\^Giz,w) 



E 



is not integrable in D x D. 



A. 3. Insertion operators 

In this section we will use the distributional representation of the Gaussian free 
field to explain the mechanism of the insertion procedure, an operation widely used 
in the field theory. 

Let $ : — 7- L^(r2,P) be the Gaussian free field in D. Given a real distribution 
p G £ we define the probability measure P = Pp on Q by the equation ( "Girsanov 
transform" ) 

dP = e®*('') dP. 

The following proposition describes the random field $ : f — t- L^(r2, P), which is the 
composition of the Gaussian free field and the identity map L^(ri,P) L^(r2, P), 
in terms of the Green potential = J p{C,)Go{--, C)- 

Proposition. The law of ^ with respect to P (i.e., under the insertion o/e®*'-^^^ 
is the same as the law of ^ := + ^ with respect to P. 

Proof. For a test function /, let us compute the characteristic functions of ^{f) 
with respect to Pp. We have 

log (e-*'E-f (/)V2e 
f{z)p{OG{z,0-li~ 



logEp 



logE 

2it 



g0$(p)git<J.(/) 



g0*(p)g0it*(/) 



2it J f{z)U'M - ^t' 



This means that $(/) is Gaussian with mean 2 J fU^ and variance ||/|||, see (1.2). 
Proposition follows from uniqueness of the Gaussian free field. □ 



We can extend this construction to Fock space fields. Let us now take p = aSzg 
(and it does not matter even if p ^ £), and define a linear operator X X on 
correlation functionals with nodes in I? \ {zo} by the following rules: 

^z)^^z) + 2aG{;Zo), 



(AlO) 



dx^dx, dx^dx, XQy^XQ y. 
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Proposition A.l. 

:= B[e®'^^^^°^X] = E[-?]. 

This is immediate from the previous proposition if we use the approximation tech- 
nique described in Section A.l. It is also easy to give a direct proof (which works 
for complex a's as well). 

Proof. Let X = Xi{zi) • • • Xn{zn),Xj = d^W^^^. Then by Wick's formula 
we have 

X = Xiizi) • • • Xn{zn), Xj{zj) = Xjizj) + 2ad^W^^G{zj, zq), 

where we differentiate the Green's function with respect to the first variable. By 
definition, we get 

E[Xj{zj)] = aB[Xj{zj)^zo)] = 2ad^^ d^^ G{z,, z^ = E[X,(z,)]- 
It follows from the definition (1.8) of tensor products of functionals that 

oo ^ 

= ||-E[$®*^(^0) ^l(^l) • • • Xr,{Zn)] 

fc=0 

n n 

= a" n m{zo)Xj{zj)] = n nXjizj)] = B[X]. 

j=l 3=1 

□ 



LECTURE 2 



Operator product expansion 

Operator product expansion (OPE) is the expansion of the tensor product of two 
fields near diagonal. The name originates from the corresponding construction 
for local operators. With our approach, we use reverse logic - operator product 
expansions of fields are used to define local operators, see Appendix D. The concept 
of operator product expansion is quite general - the definition does not depend on 
a particular nature of correlation functions. In the case of Fock space fields, the 
OPE coefficients are again Fock space fields, and so we get important algebraic 
operations (OPE multiplications) on Fock space fields. 

2.1. Definition and first examples 

• We start with a simple example. 

Example. Let $ be the Gaussian free field in D, and let c{z), z e D denote the 
logarithm of conformal radius of D, see (Al) in Appendix A. Then 

(2.1) HCMz) = log + 2c(z) + ^^\z) + o(l) as ( ^ z, ( ^ z. 

\C - z\ 

As we mentioned in Section 1.3, the meaning of the convergence (here and in all 
similar statements) is the convergence of correlation functionals: the equation 

E[$(C)$(^)A'] = log ^^E[A'] + 2c{z)^[X] + ^[^®\z)X] + o(l) 

holds for all Fock space correlation functionals X va. D satisfying z ^ Sx- 
To derive the operator product expansion (2.1) we use Wick's formula (1.8), 

$(C)$(^) = E[$(C)$(z)] + $(C) ^{z) 

and the relation 

(2.2) E[$(C)$(^)] = 2G(C, z) = log + 2c(z) + o(l), 

see (A4) for the description of c(z) in terms of the Green's function. The conver- 
gence of $(C) ^{z) to ^®'^{z) was already explained in Section 1.3. □ 

• In general, the operator product expansion of two Fock space fields is an as- 
ymptotic expansion of the correlation functional X{C)Y{^z^ with respect to some 
appropriate (and independent of D) growth scale as ^ ^ z. 

Particularly important is the case in which the field ^(C) is holomorphic (recall that 
this means that all correlation functions E[X((^)3^] are holomorphic with respect to 
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C € D\ Sy). The operator product expansion is then defined as a Laurent series 
expansion 

(2.3) X{0Y{z) = J2Cn{z){C-zr, C^z. 

Example. Here is an example of a full operator product expansion. For a given 
domain D we defined 

u{C,z) = G{C,z) + \og\C-z\. 

Since c{z) = u{z, z), we have dc{z) = 2diu{z, z), where di is the complex derivative 
with respect to the first variable. The derivatives 

Cniz) := 2d^+\iz, z) 

appear in the operator product expansion of the fields J = and 

(2.4) J{CM^) = wicm^)] + ^(0 Hz) 



^ oo 
— +dc+ J{Z) Hz) + J2 Cn{z){C - ^)", 



where 



Cn(^) = ^(c„(z) + (5»J)0$(^)). 



□ 



It is easy to show that there are only finitely many terms in the principle (or 
singular) part of the Laurent series (2.3) (in the case of "quasi-polynomial" Fock 
space fields that we only consider). Sometimes, we use the notation ~ for the 
singular part of the operator product expansion, 

x(c)y(z)~^a(z)(c-^)". 

n<0 

We also write Sing^^^ X{()Y{z) for the right-hand side of the above equation. For 
example, we have (by Wick's calculus) 

(2.5) J(C)e®"*(^) ~ __^e®"*(^). 

It is clear that we can differentiate operator product expansions (2.3) both in ^ 
and z; and the differentiation preserves singular parts. For example, differentiating 
(2.4) we have 

(2.6) J(C)J(z)~-^^^. 

Also, we should keep in mind that operator product expansion is the expansion of 
functionals defined modulo J\f, the trivial functionals (see Section 1.3), so we can 
disregard terms like dJ or (5- functions and their derivatives, e.g., 

(2.7) J{C)J{z) ~ -d, (y^) = 0. 



X-z. 

More generally, if both X and Y are holomorphic, then 



X{C)Y{z) ~ 0. 



2.2. OPE COEFFICIENTS 
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2.2. OPE coefficients 

• The functionals appearing in the operator product expansions (e.g., 2c{z)+^®'^{z) 
in (2.1), Cniz) in (2.3), or Cj^k in (2-14) below) are called OPE coefficients. 

Proposition 2.1. OPE coefficients of quasi-polynomial Fock space fields are quasi- 
polynomial Fock space fields (as functions of z). 

The proof is straightforward - use Wick's calculus and the definition of fields. 

Proposition 2.1 allows us to define certain operations on Fock space fields. In 
particular, if X is holomorphic, then we define the product 

(2.8) x*„y = c„, 

see (2.3) for C„. 

• We will use the operations for all n's, see Lecture 5 and Appendix D, but in 
this section we focus on the special case n = 0. 

Notation. We write * for *o and call X *Y the OPE multiplication, or the OPE 
product of X and Y. 

For example, by (2.7), 

(J* J)(z) = lim[J(C)J(^)] 

(so we can write J * J = J J) and 

(2.9) iJJ){z) = (J0 J){z) + B[J{z)J{z)] 



/7 TN/ X w'(z)w'(z) .- ^, , , 1 

= {JQJ){z) + ^ A4^^ = (J0 J)(z) 



{w{z)-w{z)f C{zY' 

where C{z) is the conformal radius, sec (Al). (More generally, if both X and Y 
are holomorphic, then we can write X *Y = XY .) 

The OPE product X * y as the coefficient of 1 can be defined for some (but not 
all, see e.g., (2.14)) non-holomorphic fields X, e.g., 

$*2 = $®2 + 2c, (see (2.1)). 

The field X *Y is obtained by subtracting all divergent terms in operator product 
expansion and taking the limit, which is a usual procedure in the field theory. 

• If / is a non-random holomorphic fTinction, then 

f*X = X*f = fX. 

However, simple examples show that {fX) *Y ^ X * {fY) in general, so unlike 
Wick's multiplication, the OPE multiplication is neither associative nor commuta- 
tive (on holomorphic fields). On the other hand, *„ satisfies Leibniz's rule 

(2.10) a(x F) = (5x y) + (X *„ 5y). 

If X is holomorphic, then differentiation of operator product expansion (2.3) with 
respect to C gives {dX) *„ y = (n -I- V){X Y) and therefore, 

(2.11) X^riY = ^^{d'^X)*Y, (n>l). 

Differentiation of operator product expansion (2.3) with respect to z then gives 
(2.10). 
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2.3. OPE powers and exponentials of Gaussian free field 

We already computed = + 2c, where c is the logarithm of conformal radius 
C. Further computation with Wick's formula gives 

In fact, we have the following formula. 
Proposition 2.2. 

(2.12) = (2c)"/2i7; (^^j , 

where Hn{z) = Ylk=o^kZ^ o-f^ the Hermite polynomials and 



*k 
fc=0 

Proof. Prom 

$(C)$®"(^) = 2nG(C, z)$®("-^)(z) + $®("+^)(z) + o(l), 

we find 

$ * = 2cn$®(""^) + 
Assuming that (2.12) holds for <I>®" and $®("^i), and using recurrence relation 

Hn+l{x) = xHn{x) - nHn-l{x), 

we prove (2.12) for $®("+i). □ 



By definition, 



^ (T)*n 

^ n! 

n=0 



Proposition 2.3. 

(2.13) e*"* = C"' e®°*. 

Proof. Using the generating function (1.7) for the Hermite polynomials, we get 



oo ^ oo 



gOa* ^ ^^0n ^ «"(2c)"/^ ^, f — 1 = e*"*e-^"' 



n=0 n=0 



□ 



Remark. If we define random functions as in Appendix A.l, then we get the 
formula 

e*"* = lim£"'e"*% 

(convergence of correlation functionals but also convergence in the strong operator 
topology if |q| < 1.) It is remarkable that two different types of normalizations, by 
averaging and by operator product expansion, produce the same result. 

As we mentioned earlier, the OPE multiplication (as the coefficient of 1 in the op- 
erator product expansion) does not make sense for general non-holomorphic fields, 
but we can of course consider the corresponding OPE coefficients. 
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Example. Let us denote V" = e*"* ("vertex fields", see Section 6.2). The operator 
product expansion of two such fields has the following form: 

oo 

(2.14) V"(C)V^(.) = VT—^i E C,.(.)(C-.)^(C-#). 

' j,k=0 

The first coefficients are 

Co,o = V"+^ 

and 

Ci,o = aV"+'^ ( J + (a + /3)9c), Co,i = aV"+^ ( J + (a + /3)ac). 
To see this, first note that 

V"(C)V^(z) = c(C)"'c(z)'^' exp(a/3E[$(C)$(z)])e®"*(«) e®^*(^). 
We expand both 



c{Cr c{zr exp(«/3E[$(C)$(z)]) = ^3^^' 

= |^ _^|2a^ (1 + + «^)^C(^)(C - ^) + + «/3)^c(z)(C - Z-) + • • • ) 

and eO°*(^) = e®"*(^) (l + a J(^)(C - 2) + aJ{z){C -z) + ■■■). 



2.4. The field T = J * J 

Wc use the OPE multiplication to introduce this important field (in Lecture 5 we 
will identify it with the Virasoro field of the Gaussian free field, $). By (2.6), T is 
defined by the operator product expansion 

(2.15) J{OJ{z) = -J^^ - 2r(^) + 0(1), (C ^ z). 

To express T in terms of Wick's calculus, we need the Schwarzian of D: 

(2.16) S{z) = Siz, z), S{C, z) := -\2d^d,u{<.. 
where 'u(C, z) = G{(, z) + log |C — ^;|, as usual. 
Proposition 2.4. 

(2.17) T = -]^JQJ+^S. 
Proof. Differentiating ^[J{Q^{z)] = 2di;G{C,z), we have 



(2.18) nAOAz)] = 2d^d,G = - (^3^ - g5(C, z). 



□ 



We finish this lecture with several singular parts of operator product expansions 
involving T, which we will need later. The operator product expansions can be 
verified by Wick's calculus. (Later we will explain them from a different perspective 
- in terms of conformal geometry.) 
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Proposition 2.5. 



(b) T{OJ{z) 



J{z) dJ{z) 



(c) r(c)r(z) ~ — ^ + — ^ + ^ ^ 



(C-z)4 (C-^)2 c-^' 

Proof. We only explain (c). Use (2.17), Wick's theorem, and (2.15) to express 
the singular term of T{C,)T{z) as 

\mQm){j{z)Qj{z))^]-(ls{cz)+ ^ JiOQj{z) 



4 ' - x^jj V V y - , 2 V6 ' (C - 2)V (C - 

1/2 J(C)0J(z)-5(C,^)/6 

~(C-z)4 (C-z)2 

The numerator J(C,) J(2;) — S{C,, z)/Q of the last term in the above is equal (up 
to the second order terms) to 

J{z) J{z) - \s{z, z) + {C- z) [dJ{z) J{z) - ^5c|^^^5(C, z)^ 

= - 2T{z) + {dJ{z) J{z) - ^d,S{z) 

= -2T{z)-{C-z)dT{z), 
which completes the proof. □ 



LECTURE 3 



Conformal geometry of Fock space fields 

In the first lecture we defined Fock space fields in a planar domain. We will now 
revise this definition and equip fields with certain geometric (or conformal) struc- 
tures. We call them conformal Fock space fields. After we explain the definition, 
we will typically drop the epithet "conformal." 

Even if we only consider functionals and fields in the half-plane, it is necessary to 
think of them as defined on a Riemann surface - their correlations depend on the 
choice of local coordinates at the nodes. For example, the fields J J and J * J, as 
wc defined them in Lecture 2, have the same correlation functions in the half-plane 
but as conformal fields they are different - the first one is a quadratic differential 
and the second one is a Schwarzian form. 

At the end of this lecture we discuss the concept of the Lie derivative of a conformal 
field. This concept will be used in the next lecture to define the stress tensor and 
to state Ward's identities. 

3.1. Non- random conformal fields 

Recall that a local coordinate chart in a domain D (or more generally on a Riemann 
surface M) is a conformal map 

4> : U ^ (t){U) C C, {U CD open). 

The transition map between two overlapping charts (f) and is a conformal trans- 
formation 

/i = 00 0-1; (f>{unu) ^'^{unu). 

By definition, a non-random field / is an assignment of a (smooth) function 

(/ II 0) : ct>U^C 

to each local chart (j) : U ^ (j)U. (We assume that this assignment respects restric- 
tions to subcharts.) When local coordinates are specified explicitly, we often write 
/(z)for (/||0)(z). 

The transformation law from one coordinate chart to another can be quite com- 
plicated for the fields that we will consider. Several simpler cases have special 
names. 

A field / is a differential of degrees (or conformal dimensions) (A, A*) if for any two 
overlapping charts and 0, we have 

f={h')\V)^''Joh, 

where / is the notation for (/ || 0), / for (/ || 0), and h is the transition map. In 
particular, (0,0)-differentials are called scalars. 
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Schwarzian forms, pre-Schwarzian forms, and pre-pre-Schwarzian forms are fields 
with transformation laws 

f={h')''foh + nSh, f = h'foh + fiNh, f = foh + n\ogh', 

respectively, where fi e C is called the order of the form, and 

Nh = {logh'y, Sh = K~Nl/2 
are pre-Schwarzian and Schwarzian derivatives of h. 

Examples, (a) Smooth (—1, 0)-differentials v can be identified with vector fields. 
The local flow z{t) of i; in a chart (j) is given by the ordinary differential equation 
z = viyz). If we have another chart cj), then the expression for the flow in this 
chart is z{t) = h{z{t)), and the vector field is v{z) = z = h'{z)v{z), so the 
transformation law is 

(3.1) V = o h. 

(b) If / is a holomorphic scalar function on M, then the derivatives Nf and Sf are 
computed in local coordinates, e.g., 

are forms of order 1. 

(c) The field c, the logarithm of conformal radius is defined by the equation 

(3.2) (c II 4>){z) = lim [G(C, z) + log |C - z\] , 

where G is the Green's function and G{(^,z) of course means G{4>~^C,,4>~^ z) 
according to our convention. It is easy to see that the transformation law is 

c = CO h — log \ h'\, 

so c is the real part of a pre-pre-Schwarzian form. In particular. 



(c|| idD){z) = log 



w{z) — w{z) 



w'{z) 



where id/) is the identity chart of D and w is a, conformal map from D onto 
the upper half-plane H, cf. (Al). 

(d) As a general rule, we define derivatives of fields by differentiating in local 
coordinates. Thus the field dc, 

{dc II 4)) := d{c II (p) 

is a pre-Schwarzian form of order — ^ . 

(e) The conformal radius C = e'^ is a (— ^, —|) -differential. Indeed, 

C = = e^°'^-i°gl'*'l = {h'Wy^/'^C o h. 
By Koebe, {C \\ idD){z) x distiz,dD). 



3.2. CONFORMAL FOCK SPACE FIELDS 
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(f) Non-random fields of several variables are defined similarly but one should 

keep in mind that we need to specify local coordinates for each variable (unless 
some of them coincide). For example, the field did2G defined as 

(3.3) d(;dzG{C,z) (in charts ^, '0) 

is a (1, 0)-differential in both variables. 

3.2. Conformal Fock space fields 

• Let $ denote the Gaussian free field on M. (As a correlation functional, the 

Gaussian free field on a Riemann surface is well-defined as long as the Green's 
function exists.) As in Section 1.4, we define basic Fock space fields Xa as formal 
Wick's products of the derivatives of A general conformal Fock space field is a 
linear combination of basic fields Xa, 

X = faXa-i 
a 

where the coefficients fa are non-random conformal fields. 

We can define chaos decomposition. Wick's multiplication, and the differential op- 
erators 9, d in an obvious fashion so that the space of conformal Fock space fields 
will have the structure of a graded commutative differential algebra (with complex 
conjugation) over the ring of non-random fields. 

• We now want to interpret the values of conformal fields as chart dependent cor- 
relation functionals. In particular we will explain the meaning of formulas like 
J = h'[J o K\, where J, J are expressions of in 2 overlapping charts. 

The correlations 

E[Xi(jOi) • • • Xn{pn)], {Pj G M are distinct), 

of conformal Fock space fields are non-random fields of several variables: we define 
them by means of Wick's formula and differentiation rules like 

E[(5"$)(zi)(9'^^>)(z2)] = 2d'^d^Gizi,Z2). 

In other words, we think of the derivatives of $ as Gaussians, and we differentiate 
and Wick-multiply in local coordinates. 

As in Section 1.4, we think of "strings" 

X := Xi(zi) • • • XniZn) = (Xi II <^i)(zi) • • • (X„ II (t>n){Zn) 

as Fock space correlation functionals. Note that X specifies the choice of local 
charts. Any such X determines a linear map 

X : y ^ B[xy] 

on the space of 3^'s with nodes in M \ Sx- (The functionals y also come with chart 
specifications and we define Sx as a subset of M.) 

In particular, the value X{p) of a conformal field X at some point p G M is a 
coordinate dependent functional 

{x{p)U) = {xu){cp{p)). 
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Many formulas of conformal field theory (convergence, operator product expansions, 
transformation laws, etc.) are based on this interpretation. 

For example, we say that a field X is a differential if its transformation law is 

(3.4) X = {X o h){fi)^(h')^*. 

Here 

Xi.):=iXU)i.), X(.):=(X||^)(.), 
and the equation (3.4) means that for all 3^, 

E[x{z)y] = h'{z)^W{z)^'E[x{h{z))y]. 

Equivalently, for all 3^, the non-random field p i— t- E[X(p)3^] is a differential in 
p G M. Moreover, it is enough to consider y's of the form $(pi) • • • $(pn)- 

Examples, (a) $ is a scalar field, i.e., a (0,0)-differential, J is a (l,0)-differential, 
and J J is a (2,0)-differential; 

(b) The field (see Proposition 2.4) 

is a Schwarzian form of order ^ ; 

(c) e®"* is a scalar field but e*°* is a differential of degrees (— — a^/2); 

(d) J * J = J J is a (l,l)-differential, see (2.9). 

• The operator product expansion of conformal fields (in particular, the OPE mul- 
tiplication which we used in the examples above) is defined in terms of local charts. 
For example, if X is a holomorphic field, then there are conformal Fock space fields 
Cn such that in every chart (f) we have 

x{OYiz) = Y,{c-zrcniz), iC^z), 

where 

X(C):=(X||<^)(C), Y{z):={YU){z), C„(z) := (CJ| </.)(z). 

It is crucial that we use the same asymptotic scale in all local charts, which results 
in non-trivial conformal structure of OPE coefficients. 

• We often consider the values of conformal fields at boundary points of D (or ideal 
boundary points of a finite Riemann surface M). By convention, we always model 
local coordinate charts on the half-plane H, i.e., we use standard boundary charts 

: ?7 ^ (/)([/) C M, 0(5M n C7) C M. 

Note that the transition map between standard boundary charts extends by sym- 
metry to a map which is analytic at the points in M. For example, the field J = 9$ 
is purely imaginary on dM (in all standard boundary charts). 



3.3. CONFORMAL INVARIANCE 27 

3.3. Conformal invariance 

• A non-random conformal field / is invariant with respect to some conformal 
automorphism r of M if 

forall</), (/||.^) = (/||<^or-i). 

Note that in this equation we compare f{p) with /{rp). 




Figure 3.1. Conformal invariance 



For example, let D be a domain in C and let us write f{z) for (/ || idD){z). Then / 
is a r-invariant (A, 0)-differential if 

fiz) = f{Tz) t'{z)\ 

and / is a r-invariant Schwarzian form if 

f{z) = f{Tz) T'{zf+flSr{z). 

This is because r is the transition between the charts ^ o and (f) = idD- 

The concept of conformal invariance extends to multi-variable non-random confor- 
mal fields. For example, 

{w{zi) - w{zi)y 

where w : D ^Mis a conformal map, is a conformally invariant differential in both 
variables. 

• By definition, a random conformal field (or a family of conformal fields) is r- 
invariant if all correlations are invariant as non-random conformal fields. 

Clearly, the Gaussian free field is conformally invariant (i.e., invariant with respect 
to the full group Aut(M)), and a family of conformally invariant fields is closed 
under differentiations, d, B, and Wick's multiplication. So all basic fields are con- 
formally invariant. It follows that a conformal Fock space field is r-invariant if and 
only if all its basic field coefficients are r-invariant. It is also clear that the OPE 
coefficients of two conformally invariant fields are conformally invariant. 

Caution: it would be wrong to define conformal invariance by the equation 

{x\\4>) = {xUoT-') 

for correlation functionals. In fact, X is r-invariant if and only if 

E [ (X II (f)) $(pi) • • • $(pn) ] = E [ (X II o r-i) ^Tpi) • • • $(rp„) ]. 
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(This is different from E [ (X || 0) 3^] = E [ (X || o T-^)y].) 

• The following simple but useful construction (see e.g., Lecture 8) depends on 

conformal invariance. Suppose we have conformally equivalent Riemann surfaces 
M and M. Given a conformally invariant field X on M, we define the field X 
on M as follows. Let / : M — > M be a conformal map. We write p = f~^{p), 
Pj = f^^{pj), (j) for a fixed chart at p, and (j) = (j)o f. We set 

B[ix{p)U)y] = E[{x{p)\\<p)y], 

where 3; (pi,--- ,pn) = $(pi)0---0$(p„) andS^(pi,--- = $(pi) • • • $(^^„). 
Clearly, X does not depend on the choice of /. 



3.4. Lie derivatives 

Let -y be a non-random smooth vector field, i.e., a (— 1, 0)-differential, see (3.1), on 
a Riemann surface M; it determines a local flow 

^t-U ^M, ijjtiz) = viMz)), zeU, \t\ < 1. 

Suppose V is holomorphic in some open set ?7 C M (so the flow is also holomorphic) . 
For a conformal Fock space field X, we define the Lie derivative jCyX in U as follows. 

We first define the fields Xt by the equation of correlation functionals 

{Xt II 4>){z) = (X II o V-t)(^), z G ct>U, \t\ < 1, 

where (f) is an arbitrary chart in U. 

For example, if M is a domain in C with the identity chart, then the equation is 

(3.5) Xt{z) = {XiiPtz) II V-t) = {^'tiz))"" (V^)^* Xi^Ptz) 
for (A, A*)-differentials, and 

(3.6) Xt{z) = {ij[iz)f X{,Ptz) + fxS^^iz) 
for Schwarzian forms. 

It is easy to see that if X is a differential or a form, then Xt is a differential or a 
form of the same type. 



Xt. 



We now define the Lie derivative of X by 
As usual, this means that for every chart and every functional y we have 

B[{£,x\\4>)y] = f^l^^mxtU)y]. 

This definition is very general - the only assumption that we make is that X depends 
smoothly on local coordinates, so the derivative exists. We need higher smoothness 
when we consider commutations of Lie derivatives. Smooth dependence on local 
coordinates can be defined as follows: E [{X Wh^ o 4')y] is a smooth function of 
£ = (ei, • • • , En) for any e-perturbation hg o cj) oi the chart cf), 

he{z) = Z + eiVl{z) H h EnVniz). 
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In particular, the smooth dependence of X on local charts implies that 

(3.7) I I^^^E [ (X II o /-I) 3^ ] = E [ {C,X \\ct>)y] 

for any timc-dcpcndent flow ft = \d + tv + o{t). It is easy to see that if X and Y 
depend smoothly on charts, then so does X *„ Y. 

Lie derivative of a differential is a differential but Lie derivative of a Schwarzian 
form is a quadratic differential. 

Proposition 3.1. If X is a differenfial, then 

(3.8) C^X = {vd + vd + Xv' + X^v') X; 
if X is a pre-Schwarzian form of order fi, then 

(3.9) CyX = {vd + v')X + fiv"; 
if X is a Schwarzian form of order fj,, then 

(3.10) CvX = {vd + 2v') X + fiv'". 

Proof. Without loss of generality wc can consider the planar case and the identity 
chart. Differentiate (3.5), (3.6) and use ipQ = 1, ipo = v, ip^ = v' , {Nf)o = v" , 
and {S^)o = v'". □ 

It turns out that the converse is also true. For example. 
Proposition 3.2. Suppose the equation 

CvX = {vd + vd + Xv' + X*v') X 
holds in Dhoi{v) for every vector field v. Then X is a differential. 

Notation. If f is a smooth vector field in D, then we denote by -Dhoi('y) the 
maximal open set where v is holomorphic. 

Proof. In a fixed chart ^ we have 

Xt{z) = X + tL^X + o{t) =X + t{vd + vd + Xv' + X*v') X + o{t) 

= (1 + tXv' + o{t)){l + tX^v' + o{t)){X + {tPt - z)dX + (Vi* - z)dX + o{t)) 
= {'il^'t{z)f {i^f* X{,Ptz) + o{t). 
On the other hand, by definition Xt = {X\\(f)o we have 

(X||</>oV'-t)(z) = (VK^))^ iW))^' {XU){tl;tz) + o{l), 
which is the infinitesimal version of the transformation law for a differential. □ 

The next statement follows from the elementary properties of Lie derivatives that 
we record in the next section. 

Proposition 3.3. If X is a conformal Fock space field, then C^X is also a (local) 
conformal Fock space field. 
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3.5. Properties of Lie derivatives 

I Basic properties: 

(a) Cy is an M-linear operator on Fock space fields; 



(b) = iCX); 

(c) E[£„X] = A(E[X]); 

(d) Leibniz's rule applies to Wick's products; 

(e) C^,{dX) = d{CoX) and C^,{dX) = d(CyX). 

Let us show that Leibniz's rule also applies to OPE products. 

Proposition 3.4. // X is a holomorphic Fock space field, then 

Cy{X *n Y) = (CyX) *nY + X*n (CvY). 

Proof. Without loss of generality we can consider the planar case and the identity 
chart. Suppose 

X{OY{z) = - zTCniz), C ^ z. 

Then 

Xt{OYt{z) = {XU_tm{YU-t){z) 

= - ^r(Cn II i^-t){z) = J2iC - ZT (Cn)t(^), 

so Xt *n Yt = {Cn)t- We now take the time derivative at t = 0. □ 

• Recall that the Lie derivative of a vector field is defined in the smooth category 
as follows: 

^viV2 = [vi,V2] = -TTjr: {Xs oil)t-i)t° Xs), 



dsdt 



s=t=0 



where ipt is the flow of vi and Xs is the flow of V2; the local flow of [^1,^2] is 
X-^ ° V'-^ ° Xy^ ° ^-v/t- ■'■^ both vector fields are holomorphic, then 



(3.11) JO-V1V2 = [vi,V2] = V1V2 - v[v2 and CviV2 = [vi,V2], 
which is of course a special case of (3.8). 

Proposition 3.5. If X is a conformal Fock space field, then 

(3.12) Ly^L^^X — Cy^Cv^X = 

in the region where both vector fields are holomorphic. 

Proof. Prom the definition of Lie derivative we see that the left-hand side is equal 
to 

[{X II X-s o i^-t) - {X II V'-t o x-s)] 



dsdt 



s=t=0 



Expanding the flows up to second order (we use ip = vi, i/j = v'lVi, etc.), we get 

t^ s^ 

X-s o tp-t = id - tvi - sv2 + ^nv'i + -^V2V2 + stviV2 H , 

t'^ / / 

ip-t ° X-s = id - tvi - SV2 + -^viv'i + —V2V'2 + stv[v2 H , 

and the statement easily follows if we assume sufficient smoothness with respect to 
local coordinates. □ 
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• The concept of Lie derivative extends to conformal fields of several variables. For 
example, for 

X{pi, ■■■ ,Pn) = Xi{pi) ■ ■ ■ Xn{Pn), {Pj € M are distinct), 

we fix coordinate charts (pj at pj, and assuming that v is holomorphic at the nodes, 

we define 

CvX{zi, ■ ■ ■ '-2^") = ^ [(^1 II ^1 ° '^-t){zi) ■ ■ ■ i^n II (pn ° 1p-t)iZn)] ■ 

Proposition 3.6. Leibniz's rule holds for tensor products: 

[Xl(pi)X„(p2)] = [>C^Xi(pi)]X2(p2) + [/:^X2(p2)]Xl(pi). 

For example, if X is a tensor product of differentials, then 

L^X = ^ \v{j>j)dj + v{pj)dj + Xjv'{pj) + X^jv'ipj)] X. 
j 

• As we mentioned, Cy depends R-linearly on v. It is convenient to separate the 
C-linear and anti-linear parts of the Lie derivative. Denote 

(3.13) '^^v — i^iv) — '^^ivi 

SO that 

C — c~ 
and jO,~ = Ct in the following sense: C^X = CyX. 
For example, if X is a tensor product of differentials, then 

(3.14) CtX = [v{p,)d, + Xjv'ipj)] X, 

j 

and jO^X = jC^X in the case of forms. 

It is easy to justify the corresponding Leibniz's rule for and also to verify the 
identity 

For example, using (3.12) and (3.13) we have 



LECTURE 4 



Stress tensor and Ward's identities 



We define the stress tensor for a family T of conformal Fock space fields as a pair of 
quadratic differentials which represent the Lie derivative operators in application 
to the fields in T (and their tensor products). The corresponding formulas are 
known as Ward's identities. More precisely, for every local holomorphic vector field 
u, we use the quadratic differentials to construct a functional ("generalized random 
variable") Wiv) such that the action of the operator Lv on any string of fields in T 
is equivalent, in correlations with arbitrary Fock space fields, to the multiplication 
by W{y). Alternately, the stress tensor W can be defined as the correspondence 
V W{v). 

The existence of W is not at all obvious, and in fact it is a very special property 
of some •particular families of Fock space fields. In this lecture we mostly discuss 
various forms of Ward's identities. We will comment on the nature of existence of 
stress tensor in the appendix to this lecture. 



4.1. Residue operators 

Let ^ be a Fock space holomorphic quadratic differential in £), let p G -D, and let v 
be a non-random holomorphic vector field defined in some neighborhood of p. Then 
for every Fock space field X we define the correlation functional 

— 9 vA X{z) (in a given chart ^, ^(p) = z) 



as a map 



X ^ hm / viO^m) X{z)X] dC, 

s-^o Im J\t;-z\=e 

where X is any Fock space correlation functional with nodes in D\ {p}. 

This functional is of course just the residue term (vA) *_i X in the operator product 
expansion of vA and X, see Section 2.2, and therefore by Proposition 2.1 it can be 
expressed as the value of some Fock space field. We can view the map 

X{z) ^ — I vA X{z) 

as an operator on correlation functionals (represented by the values of Fock space 
fields); we denote this operator by 

^^'(^) = 77- f vA. 

Varying z, we can also think of Ay as an operator on Fock space fields: 

{AyX){z) = Ay{z)Xiz). 
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Proposition 4.1. 



A r+ — A — A — r+ a 



Proof. By Leibniz's rule (Proposition 3.4) we have 

A,,Ct,X = (viA) *_i (£+X) = CliiviA) *_i X] - [Ct.iviA]] *_i X 
= jrt2Av,X-[jrlivi^)] *-iX. 

Similarly, 

A,,CXX = - [£+ (^2^)] *-i X. 

Since viA and V2A are (l,0)-difFerentials, by (3.14) we have 

(wi^) = V2d{viA) + V2V1A = V2v[A + V2V1A + viV2dA = C'^^{v2A), 
which proves the statement. □ 

For an anti-holomorphic quadratic differential A~ we define 

This operator is anti-linear in v, and if A~ = A, then A~ = Ay. 

4.2. Stress tensor 

Let X be a Fock space field in D. By definition, a pair of quadratic differentials 

W = {A+,A-) 

is a stress tensor for X if A'^ is holomorphic, A" anti-holomorphic, and the following 
equation (the "residue form of Ward's identity" ) 

(4.1) £yX = A+X + A-X 

holds in Z'hoi(^) for all non-random local vector fields v. (Recall that we write 
-Choi(^) ^01 the maximal open set where v is holomorphic.) Thus we require that 
the equation 

CyX{z) = ^.l vA+ X{z) -^.l vA- X{z) 

holds in all charts and for all vector fields v holomorphic in a neighborhood of z. 

The differentials (if they exist) are not uniquely determined by the equation 

(4.1) . Moreover, we can add (anti-)holomorphic non-random fields - they will not 
change the residue operators. For example, the Virasoro fields determine the same 
residue operators as the differentials A"^ do for local holomorphic vector fields. We 
will discuss this in the next lecture. 

Notation. J'iW) = J-{A^,A~) is the linear space of all Fock space fields X 
such that is a stress tensor for X. Clearly, this space contains the scalar field 
I {I{z) = 1). If J^{W) is closed under complex conjugation, then we can choose 

A+ = A, A- = A; 

and 

(4.2) X G J-(VF) if and only if C+X = A^X, C+X = A^X. 
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In what follows, we will only consider the case W = {A, A). There is no difficulty 
in extending results to the anti-symmetric {A~ ^ A+) case. 

Proposition 4.2. If X e T{A,A), then 

[Avi, Ay^]X = —A^^j^^y^jX. 

Proof. Since Ay.X = C'^.X, it follows from Proposition 4.1 and Leibniz's rules 
for that 

[Av-^,Ay^]X = ]X = = 

□ 



4.3. Ward's OPEs 

We can restate the definition of stress tensor in terms of the singular part of the 
operator product expansion. 

For a given chart 4> : U ^ (f)U and C € C, let us denote by the (local) vector field 
defined by the equation 

k II </']('?) = ^— • 

(This vector field depends on ^.) Then we have 

(4.3) Sing^^,[^(C)X(2:)] = ^,j^^v^A X{z), z G <t>U, 

where the left-hand side means the singular part of the operator product expansion 
in chart (p. Indeed, if 

A{n)X{z)^ Cj{z){v-zy, iv-^z), 

then using 

we derive 

Proposition 4.3. X G J-'{A..A) if and only if the identities ("Ward's OPEs") 

Sing^^,[^(C)X(z)] = (£+X)(z), Smg^^MiC)X{z)] = {C+X){z) 
hold in every local chart (j). 
Proof. If X G F{A,A), then 

Sing^^,[A(C)X(z)] = ^ £^ v^A X{z) = (£+ X)(z) 

by (4.3) and the definition of stress tensor. In the opposite direction, we need to 
show that 
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implies 



^^J^^^vAX{z) = {CtX)iz) 
Let us wri 



for all vector fields v holomorpliic near z. Let us write / for || i;^). By Cauchy, 

1 

V = — : 
2m 

(integration is over some simple curve surrounding z) , and since is C-linear with 
respect to u, we have 

= ^ / /(C)C;^(2) <K 

□ 

In the case of differentials or forms, it is enough to verify Ward's OPEs in just one 
chart, e.g., in the half-plane uniformization. This is clear from the corresponding 

transformation laws. 

Corollary 4.4. Let X be a {\,\^) -differential. Then X € J-{A^A) if and only if 
the following operator product expansions hold in every/some chart: 

(4.5) ^(0X(.)~^ + ^. AK)X(.) ~ ^ + »^(^' 



Corollary 4.5. Let X he a form of order jx. Then X G F{A, A) if and only if the 
following operator product expansion holds in every /some chart: 

A{C,)X{z) ~ ^ „ + — — ^ for a pre-pre-Schwarzian form X; 
{Q- zy Q- z 

A{C)X{z) ^ — — ^ + -- — H — 7 — ^ for a pre-Schwarzian form X: 

^ ' (C - zf {( - z)^ C - z 

AiCjX iz) ^ 7- -j- + 7- + — tor a bchwarzian form X. 

(C - {C-zy c-z 

By Proposition 3.2, we also have the following: 

Corollary 4.6. Suppose X G T{A, A). Then X is a differential if and only if the 
operator product expansions (4.5) hold for X. 

4.4. Stress tensor of Gaussian free field 

Let us return to Proposition 2.5, where we stated some operator product expansions 
involving T = — ^ J * J; as usual J = and $ is the Gaussian free field. Denote 

A = -^JQJ. 

Then A is a holomorphic quadratic differential and A coincides with T in the upper 
half-plane uniformization. The first relation (a) in Proposition 2.5 can be written 
as 



4.4. STRESS TENSOR OF GAUSSIAN FREE FIELD 
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Applying Corollary 4.4 we conclude: 
Proposition 4.7. $ G T{A,A). 

The other three relations in Proposition 2.5 imply that W = {A, A) is a stress tensor 
also for the fields J, T, and V". Indeed, as we mentioned, it is sufficient to check 
Ward's OPEs in just one chart, and in the case of half-plane uniformization, this 
is what our relations give. Note that we have arrived to this conclusion as a result 
of (rather lengthy) Wick's calculus computation. There is a much easier way - the 
proof of Proposition 2.5 is immediate without any computation from Proposition 
4.7 and the following fact. 

Proposition 4.8. (a) If X e T{W), then dX e T{W); 
(b) all OPE coefficients of fields in T{W) belong to T{W). 

The first statement is of course a simple special case of the second one. We will 
explain the proof of the second statement in the next section. There is a short 
algebraic argument in the case of holomorphic fields X and Y. In this case, 

CtX = {vA) *_i X, CtY = {vA) *-i y, 

and we need to check that 

Ct{X *„ Y) = {vA) *_i {X Y). 

By Leibniz's rule, the left-hand side is 

{CtX) *„y + x*„ {ctY), 

while 

(4.6) {vA) *_i {X *n Y) = [{vA) *_i X]*nY + X*n [{vA) *_i Y] 

see (5.2) below. □ 

Proposition 4.8 allows us to construct infinitely many fields in the family J-{W). On 
the other hand, the field A = — | J0 J itself is not in J- (A, A) because otherwise it 
would have the operator product expansion (4.5) (as a differential). But, by Wick's 
calculus, we easily verify 

E[A{OA{z)] = (in H). 

Further examples of fields which have a stress tensor can be obtained by various 
modifications of the Gaussian free field, see Lecture 6. The simplest modification 
is the following. 

Example. Let u be a real-valued harmonic function in D. Define 

$ = ^ + u, 

where $ is the Gaussian free field and denote 

A = -^jQj-{du)J. 

Then (A, A) is a stress tensor for 
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If we take u complex- valued, we will get an asymmetric stress tensor (^+, A ) for 
where ^4+ = ^ is as above, and 

A- = -^jQj-{du)J. 

4.5. Ward's identities 

Let W = {A, A) be a stress tensor for some family of Fock space fields. We will 
assume that A is continuous up to the (ideal) boundary in the sense that all cor- 
relations of A{-) with Fock space fields extend to dD continuously; we understand 
continuity on the boundary in terms of standard boundary charts. See the end of 
Section 3.2. For a smooth vector field v in D continuous up to the boundary, we 
define 

(4.7) W{v) = 2Re W+{v), W+{v) = ^ ( vA-- [ {dv)A. 

Since vA is a linear form, and {dv)A is a (l,l)-differential, the integrals are coordi- 
nate independent, and by the continuity assumption, their correlations with Fock 
space functionals X are well-defined provided that Sx C -Dhoi(u). (Recall that we 
write Sx for the set of all nodes of X and -Dhoi('f^) for the maximal open set where 
V is holomorphic.) 

The application of "random variables" W{v) is based on Green's formula 

2i [[ dg= [ g. 

JJd JdD 

For example, since {Bv)A = d{vA) in D, we have 

BW+{v) = 0. 
By Green's formula we can write symbolically 

W+{v) =^ [ v{dA); 
71" Jd 

however, to interpret this integral as a correlation functional we need to integrate 
by parts and therefore use the definition (4.7). 

We can extend the definition of Ward's "random variables" to the case of local 
vector fields. Namely, for an open set U C D we denote 

W+{v;U) = — [ vA-- [ {dv)A, 
2Tn Jqu tt Ju 

so that 

W+{v) = W+{v]D), 
and (with a usual interpretation) 

A^{z) = ^(f vA = lim W{v;B{z,e)), {z e D^^i{v)). 

Green's formula shows that if Ui C U2 and if X has no nodes in the closure of 
U2\Ui, then 

i:[W{v;Ui)X] =E[W{v;U2)X]. 
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In particular, in the computation of E[VF(v)-%'] we can replace D by the union of 
small discs around the nodes of X. 

Proposition 4.9. Suppose {Xj} C T{W) and {zj} C U H -Dhoi(^)- Then 



for all correlation Junctionals y with nodes in D\U. 

Proof. As mentioned, we can replace U with the union of small discs Uj around 
zfs. Clearly, W{v; U) = ^ W{v] Uj). Let us also use a partition of unity to repre- 
sent V = ^Vj, where vj = v in Uj and Vj = in other discs. Thus the statement 
reduces to the case of a single node, where the formula is just the definition (4.1) 
of a stress tensor. □ 

We emphasize that Ward's identities (4.8) hold for any choice of local coordinates 
at the nodes Zj. Their meaning is the following: we can represent the action of 
the Lie derivative operator by the insertion of the "random variable" M^(t;) into 
correlation functions, and this works collectively for all fields in the family J^{W). 

The last proof gives the following restatement of the definition of a stress tensor in 
terms of Ward's identities (cf. Appendix B). 

Proposition 4.10. W = {A, A) is a stress tensor for X if and only if the fol- 
lowing equation holds for all vector fields v with compact supports, for all points 
z G -Dhoi('f^)) and for all Fock space functionals Z with nodes outside supp(i;); 



We can use this restatement to derive: 

Proof of Proposition 4.8. The argument works for all types of operator prod- 
uct expansions, but for simplicity of notation we assume that X, Y are holomorphic, 
so we have 



(4.8) 



Byji:^[Xi{Zi)---Xn{Zn)] = BW{v;U)Xi{zi)---Xn{Zn)y 



ECyX{z)Z 



EW{v)X{z)Z. 



X{QY{z) = Y,{C-zrCn{z). 



We want to show that 



ECyCn{z)Z = EW{v)Cn{z)Z. 



As in the proof of Proposition 3.4, we have 



EXt{QYt{z)Z = ^(C - zT^ \Cn\t{z)Z. 



Taking the time derivative at t = we get 



- ^^^Xt{(:)Yt{z)Z = BCy[X{OY{z)]Z = i:.W{v)X{OY{z)Z 



= Y,{C-zrBW{v)Cn{z)Z, 



and 




E(C - [Cn]t{z)Z = ^(C - zrBCyCn{z)Z. 



□ 
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4.6. Meromorphic vector fields 

Let V he sl meromorphic vector field in D continuous up to the boundary, and let 
{pj} be the poles of v. We define 

W{v) = lim W{v;Ue), 

£->0 

where = D\[J B{pj,e). (We can use any fixed local coordinates at the poles.) 
Somewhat symbolically, we have 




(as in the case of smooth vector fields) with the interpretation of dv in the last 
integral in the sense of distributions. 

Our goal now will be to express the differential A in terms of Ward's functionals 

W{v) with meromorphic u's. We will only consider the case where A is continuous 
and real on the boundary (in standard boundary charts); this will allow us to extend 
A to the double of D accordingly. We will do our computation in the half-plane H 
and use the global identity chart in C; note that C is the double of H. In the next 
section we combine the obtained representation of A with Ward's identities (4.8) 
and derive some useful equations for correlations involving the stress tensor. 

Proposition 4.11. Let A be a holomorphic quadratic differential in H, and W = 
{A, A). Suppose A is continuous and real on the boundary (including oo). Then 

(4.10) {A\\id){0 = W+ {v^) + W+ (v^), 

where we use the notation 

{v^\\id){z) = -^ (CgC). 

We understand the equation (4.10) in the sense of correlations with Fock space 
correlation functionals with nodes in ]HI\ {C}. Note that EA = by assumption: in 
the identity chart of H, EA is a holomorphic function vanishing at infinity. 

Proof. Let us start with a general observation which works for arbitrary Riemann 
surfaces. If is a meromorphic vector field in C without poles on M U {oo} such 
that the reflected vector field 

v*{z) = v{i), zeC, 

is holomorphic in H, then we have (see (4.9)) 

W+{v) = -- [ {dv)A + — [ vA, W+{v*) = — [ v*A. 

t^Jd ^T^i JdD ^mjQr, 

Since ^ = ^4 on M, we have 
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and 

- / {dv)A = -W+{v) - W+{v*). 

Jd 

Let us choose v = with ^ G H. (Wc could have chosen v = v^^ + a + bz + cz^\ note 
that i; = as a vector field has a pole at infinity.) Then = and Bv = — ttJ^, 
so 

- / {dv)A = -A{0. 

□ 



4.7. Ward's equations in the half-plane 

We continue to consider the case D = M with the global identity chart. 

Proposition 4.12. Suppose A satisfies the conditions of the previous proposition. 
Let X = Xi ■ ■ ■ Xn be the tensor product of {Xj , X^j) -differentials Xj in T{W). Then 



(4.11) EAiOX = Y^ 



+ 



A, 



(c - 



+ 



+ 



A* 



X, 



where all fields are evaluated in the identity chart of H and dj = dz^ ■ 

Proof. Let us choose v = with G H. Then ti# = v^. By Ward's identities 
(4.8), we have 



^W+{v^)X = ^Ct^X = Y, 
^W+{v^)X = ^ClX = Y, 



c 



+ 



A. 



(C 



+ 



EX. 



Note that 



+ 



*3 



F.W^{v^)X = ^W+{v^)X = Y,y^_-, . 



X 



X, 



and apply Proposition 4.11. 



□ 



We repeat that wc have derived the equations (4.11) in the half-plane uniformiza- 
tion. Furthermore, we assumed that A was real on dD and has no singularities. For 
example, in the case of non-trivial boundary condition ($ = $ + ?i, where $ is the 
Gaussian free field and n is a real- valued harmonic function in D, see Section 4.4 
and Section 6.4), the differential 

A = -^jQj-{du)J 

is not necessarily real on dD and A may have singularities. It is of course not 
difficult to derive Ward's equations for A - they will be different from (4.11). 



Here is a generalization of the last proposition. 



42 4. STRESS TENSOR AND WARD'S IDENTITIES 

Proposition 4.13. We assume that A satisfies the conditions of Proposition 4-11- 
Let Y,Xi, - - , Xn G ^(W) and let X be the tensor product of Xj 's. Then 

E {A * Y){z) X = EY{z)£lX + E£- [y(z)X], 

where all fields are evaluated in the identity chart o/H. 

(Proposition 4.12 is the special case when Y is the scalar field I, i.e., Y{z) = 1.) 
Proof. By Proposition 4.3 we have 

{A * Y){z) = lim[^(C)y(z) - (>C+ 

(we subtracted the singular part of operator product expansion) . We have 



E [AiOYiz) X]=B [W+ Yiz) X] + E [T^+ X] 
= BCt^[Yiz)X] + BC-_[Yiz)X] 
= Ey(z)/:+ X + B{Ct^Y)iz)X + I^C-[Y{z)X]. 



It follows that 

E [{A * Y){z) X] = hm E [Yiz) X\ + E/:" [y(^)X]. 

□ 



C-.Z ^ - 



APPENDIX B 



Ward's identities for finite Boltzmann-Gibbs ensembles 



We will construct the stress tensor v i-^ W{v) for the density fields of finite 
Boltzmann-Gibbs ensembles and derive the corresponding Ward's identities (well- 
known in the literature under the name of the loop equation). We hope that this 
discussion will somewhat clarify the meaning of the stress tensor of statistical mod- 
els. (A similar intuitive approach in the context of functional integration is one of 
the standard methods of introducing stress-energy tensor in quantum field theory.) 

Consider the following probability measure in C" : 

(Bl) ^ e^('') \dr,\; = [ ^ [ e^^^^ |dr?|, 

where \dr]\ is the Euclidean volume, and H = H{r]) is a given real smooth function 
which has sufficient growth at oo. 

For example, the probability measure (Bl) corresponding to 

(B2) H{rj) = \Y.^og \ni - %P - 2nY,Q{ml V = {Vj} e C^ 

j^k j 

where Q{r]) S> log |r/| is a given real function, describes the distribution of eigenval- 
ues of n X n random normal matrices. 

Let u be a smooth vector field in C (with compact support), and let ipt denote its 
flow. We will write for the flow {rjj} {V't^j} i^i C". 

Changing the variables 

r) = *t(A), i.e., rij = V't(Aj), 

we get 

where the Jacobian Jt is given by the equation \dr]\ = Jt(A) |cZA|, so 

Jt = 1 + 2tRcTT[dv] + ■ ■ ■ . 
(We use the notation Tr[/] = J2f{^j) o for composition.) Denote 



W„ = W[v] = ^1 _ [Ho'^t + Jt]) = J^bj^i^ + VjOjH] + 2ReTr[au], 

j 



where Vj{\) = v{Xj) and dj = d\.. Clearly, is a M-linear map taking vector fields 
to random variables and its C-linear component is 

W+[v] = VjdjH + Tv[dv]. 
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In the random normal matrix case (B2) we have 

W+[v]{X) = J V ^(^^0 - ^(^fe) _ 2nTj:[vdQ] + TT[dv]. 

Let F = F(X) be a random variable on C". Denote 

d 



t=o 



Fo^t = Y^[vjdjF + vjdjF]. 

Its C-linear component is of course V^F = ^VjdjF and VF''"['y] = VjiJ + Tr[5'y]. 

Note that is a differentiation (i.e., Leibniz's rule applies) in the algebra of 

random variables. 

Proposition B.l. 

(B3) E[M/[?;]F] + ^[V^F] = 0. 

Proof. 

d 



dt t=o 

d^ 

Z dt 



E[Fo*_t] = ^ /(Fo*_i)e^ 
Z dt t=oJ 

F e^*** = ^ / ^^Me""- 



□ 



It follows that E[W^+[t;]F] +E[V+F] = 0, in particular E[M^+[i;]] = ("loop equa- 
tion"). 

Consider now the density field p of the point process (Bl). By definition, p is a 
(1, l)-differential such that 

for all (scalar) test functions /. 

Proposition B.2. If v is holomorphic in a neighborhood of z, then 
(B4) V.piz) = -C,p{z). 

Proof. For a test function / supported in the region where v is holomorphic, 
consider the random variable 



n 

Then 

11/"/ 

fpt 



^TT[f] o = ^Tr[/ o = y (/ o i^-t) ■P = J. 
Taking derivative in t we get 



J f^vP = J fC,vP- 



□ 



Combining (B3) and (B4) wc conclude 

E[£,/>(z)] =E[iy,p(z)]. 
More generally, applying Leibniz's rules to Cv and we get the following: 
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Corollary. 

(as in Proposition 4-10). 

If a statistical model has a properly defined scaling limit as n ^ oo, then one can 

ask the question about the validity of Ward's identities in the limit. For example, 
the rescaled density field (subtract expectation and multiply by n) of a random 
normal matrix model (B2), under some rather general conditions, converges to the 
Laplacian of the Gaussian free field with free boundary conditions on some compact 
set 5* = S[Q], sec [AHM08]. Taking the logarithmic potential of the density field 
and subtracting the terms corresponding to the boundary, one can recover the 
expression for the stress tensor of the Gaussian free field from Section 4.5. 



LECTURE 5 



Virasoro field and representation theory 



Let W = {A, A) be a stress tensor for some family of Fock space fields. (We can 
assume that T is the maximal such family and write T = T{W) in this case.) As 
we mentioned, in general the holomorphic quadratic differential A does not belong 
to J^{W). The theory gets much more interesting if we can find a holomorphic 
field T which does belong to J-'{W) and which produces the same residue operators 
(for holomorphic vector fields) and therefore the same Ward's "random variables" 
W~^{v) as the differential A does. In the appendix to this lecture we will show 
that under some rather general conditions (the family has to be conformally 
invariant), such a field T exists and is a Schwarzian form. In this lecture, we will 
take this last property for the definition of the Virasoro field T. The Virasoro field 
of the Gaussian free field $ is 

see Section 2.4. Further examples will be given in the next lecture. 

It should be mentioned that the whole theory could be constructed (as is customary 
in the conformal field theory literature) without representing the stress tensor v i— >■ 
W{v) in terms of quadratic differentials A, A - we could have just defined T as a 
Schwarzian form satisfying the Virasoro operator product expansion (with central 
charge c) 

l^U T(nT(.\ c/2 2T{z) dT{z) 

In our approach, wc arc trying to separate two different issues. As we argued in 
Appendix B, for certain fields of statistical mechanics one can expect the existence 
of Ward's identities and the stress tensor. This aspect is not specific for 2D (in the 
smooth category). On the other hand, it is remarkable that conformal invariance 
in two dimension then gives us a Schwarzian form with the stated properties. 

The material of this lecture is completely standard, see e.g., [DFMS97]; we just 
adapt it to the setting of Fock space fields. For the sake of completeness we recall 
some elementary facts of representation theory, in particular, the description of level 
two singular vectors, which we will use later in connection with the SLE theory. 

5.1. Virasoro field 

By definition, a Fock space field T is the Virasoro field for the family T{A, A) if 

(a) T G T{W), and 

(b) T — A is a non-random holomorphic Schwarzian form. 



47 



48 5. VIRASORO FIELD AND REPRESENTATION THEORY 

(In the asymmetric case W = {A'^, A~) one should consider two fields with the 
corresponding properties.) 

The Virasoro field T is unique (if exists). Indeed, if wc have two such fields Ti,T2, 
then the non-random holomorphic Schwarzian form / := Ti — T2 belongs to J^{W). 
Therefore, 

and it is clear that /^^^^ vA f{z) = for all holomorphic local vector fields, hence by 
(3.10) 

£+/ = vf + 2v'f + fiv'" = 0. 
Considering constant and linear vector fields v, we see that / has to be zero. 

It follows that the order of T as a Schwarzian form is uniquely determined; tra- 
ditionally it is denoted by c/12, and c is called the central charge of the family 

Since the fields T and A determine the same residue operators for local holomorphic 
vector fields, we can replace A by T in the local Ward's identities 

as well as in Ward's OPEs, see Sections 4.2 and 4.3. We can also use T to define 
the functionals 

W+{v) = — [ vT-- [ T{dv), 

though we now need to use Green's formula to interpret such integrals. Since T 
belongs to J-{W) and T is a Schwarzian form, by Corollary 4.5 we have Virasoro 
operator product expansion (5.1), which shows in particular that we can find the 
central charge from the relation 

c = 21im(C-z)^E^(C)A(z). 

In the simply connected case it is often convenient to choose A so that 

A = T in (H,id). 

(Recall that Tinlikc T, the differential A is not uniquely defined - wc can add non- 
random holomorphic quadratic differentials to ^4.) If T is real and continuous up to 
the boundary, then Ward's equations in Section 4.7 obviously hold (in H) with T 
instead of A. 

Example. As we mentioned, T = — | J* J is the Virasoro field for the Gaussian free 
field. The central charge is c = 1. Indeed, if we set A = -\JQJ, then W = {A, A) 
is a stress tensor for the Gaussian free field, see Proposition 4.7. Then T is the 
Virasoro field because 



(a) T e T{W) by Proposition 4.8; 

(b) T is a Schwarzian form of order 1/12 (c = 1) by Proposition 2.4. 
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Examples with c 7^ 1 will be given in Lecture 6. 

Our next goal is to explain the relation of the Virasoro field to the representation 
theory of the Virasoro algebra. 

5.2. Commutation of residue operators 

It will be important to extend the definition of residue operators 

Ty(z) = — *— <f vT (in a given chart 0), 

see Section 4.1, to the case of meromorphic (local) vector fields v. Note that Ty{z) ^ 
Ay{z) if V has a pole at z, and unlike A^, the operators T.^ are chart dependent. 

Since this part of the theory is local, we can work in a fixed chart and consider the 
operators 

for arbitrary holomorphic Fock space fields Y and meromorphic non-random func- 
tion /. (We do not require / to satisfy any particular transformation rule.) The 
following commutation identity is the source of many useful relations, and is a 
typical example of the contour integration technique in conformal field theory. 

Proposition 5.1. Let and Y"^ he two holomorphic Fock space fields, and let /i 
and /2 he meromorphic functions. Then 

Proof. Let us check the identity in application to Z{z); X denotes an arbitrary 
string satisfying (p~^z ^ Sx- Let C_, C, and C+ be three small circles around z, 
with increasing radii. The nodes of X and the poles of / other than z should be 
outside of the discs. Wc have 



= -^EX<f fiiOYHOdC i f2iri)Y\rj)Z{z)d7j 

= -i^E^ / / fi{0f2{v)YH0 Y^{r,)Z{z)dCdv. 

Similarly, we compute YjYj^ Z(z) integrating the variable of /2 over the bigger 
circle (C) and the variable of /i over the smaller circle (C-), 

EXY^^Yf\Z{z) = ^^E^ jf^^ j>^^Ji{Qf2{ri)Y\0 Y^r^) Z{z) dQdr^. 

Subtracting, we get 

EX [Y}^,Yl] Z{z) = -^EX / h{l^)dl^ i h{C)Y\C)YH7j)Z{z)dC 

= j-^Exl h{ri)dril h{QY\C,)Y\r^) Z{z) dQ, 
(2mY J^^c J{r,) 

which completes the proof. □ 
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Similar formula holds for the commutator [Y^^ {z),YJ^{z) ] . 

Examples, (a) Set Y^ = X and Y^ = Y. If we take /i = 1, then the inner integral 
gives the field X *_i Y. Taking /2(?7) = (?? — by Proposition 5.1, we get 

[x*_i,y*„] z(z) = (X *_i y) z(z), 

which can be rewritten as a Leibniz's rule: 

(5.2) X *_i {Y *„ Z) = {X *_i Y)*nZ + Y*n {X *_i Z). 
This is the formula (4.6) we mentioned in Section 4.4. 

(b) If X and Y are holomorphic, then 

(5.3) X * {Y * Z) -Y * {X * Z) = [X,Y] * Z. 

This follows from a similar argument with /i {() = !/{( — z) and /2 (r?) = 1/(77 — z) . 

In the case of residue operators of the Virasoro field, the commutation identity has 
the following form. 

Proposition 5.2. LetT he the Virasoro field, and letvi, V2 be (local) meromorphic 
vector fields. Then in any given chart, we have 

[Tviiz),T^2iz)] = -T[^^,v^]iz) - ^ {yiV2 - v'l' V2){C,) dC 

and 

T,,(z),r^,(z)] =0. 

Proof. Let us compute the residue j^^^ in Proposition 5.1. By Virasoro operator 
product expansion (5.1) and Taylor series expansion of v\, 

viiO = viiri) + v[{ri)iC -ri) + '^{C-vf + "^(C - rjf + ■ ■ ■ , 
the residue is 



^ jf ^ v^{C)TiOT{n) dC = [vidT + 2v[T + (r?) + • • • . 

Next we compute 

The first integral in the right-hand side is 

^ jf ^ 2{v2v[ T){ri) dil-^.j^ {V2vi)'{r^) T{t,) drj = [v2,vi]{ri) T{rj) drj, 

and clearly 



{v2Vi)ir]) dT] = -— <p {viV2){ri) drj. 



Since the operator product expansion of T{C,)T{r]) has no singular part, the second 
formula follows from Proposition 5.1. □ 
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Remark. In the special case of holomorphic vector fields, we get 

where the operators act on arbitrary Fock space fields. This, of course, implies 

which is a stronger statement than Proposition 4.2 where the action is restricted 
to fields in J^{W). This extension of Proposition 4.2 has been obtained under the 
assumption of the existence of the Virasoro field. In Appendix C we will reverse 
the argument and derive the existence of T from Proposition 4.2. 



5.3. Virasoro algebra 

Let A denote the (Witt's) Lie algebra of meromorphic vector fields in C with pos- 
sible poles only at and 00, 

A = span{Z„ : n G Z}, [Im, L] = (m - n)lm+n, 

where 

(ZJ|idc)(C) = -C'+" 

Given a chart (f) at p e D, we can embed A into the algebra of local meromorphic 
vector fields at p: 

L'-^ -{(- zT'^^ (in chart 0, 0(p) = z). 

Proposition 5.2 shows that the local operators —T^{z) (defined in chart cf)) provide 
a projective representation of A, i.e., a Lie algebra homomorphisms 

A C{H)/C ■ I, 

where H is the linear space of Fock space fields evaluated at z in chart (j), and C{H) 
is the algebra of linear maps. Equivalently, a projective representation is a linear 
map 

g: A^C{H) 

such that 

[qv\, QV2] = g[vi,V2] - u;{vi,V2) ■ I, 
where a; : ^ x ^ ^ C satisfies the cocycle equation 

Uj{[vi,V2],V3) + Uj{[v2,V3],Vi) + u{[v3,Vi],V2) = 0. 

It is known [GF68] that the only possible form of such a cocycle is 
where c is a constant factor. In terms of the basis In this means 

Uj{lm,ln) = ■^m{w? - l)5m+nfl- 

In this case we say that p is a Virasoro algebra representation with central charge 
c. Thus we can restate Proposition 5.2 as follows. 
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Proposition 5.3. Let T be the Virasoro field. Then for each p E D and each local 
chart at p, the operators 



represent the Virasoro algebra: 

[Lm, Ln] = {m- n)Lra+n + ^m{m'^ - l)6m+n,0, 

where c = 12ii and ji is the order of T as a Schwarzian form. 
Assuming T~ =T we define the residue operators 



SO X = {TyX). It is easy to check that the operators = 
represent the second copy of Virasoro algebra: 

(5-4) [L- , L-] = {m- n)L-+„ + ^m{m^ - l)(5^+n,o, 

and satisfy 

[Lmi L^] =0. 

(In the asymmetric case, we need to consider L„ and L~ separatefy.) 

5.4. Virasoro generators 

We will now consider L^s as operators X L„X acting on fields, 

(5.5) {LnX){z) = Ln{z)X{z) (in any given chart). 
Of course, these operators are just OPE multiplications, 

LnX = r*(_„_2) X, 

i.e., 

(5.6) TiOXiz) = ...+ + ^^^^^ + (L_.X)(.) + . . . (C ^ .). 

By (5.5) and Proposition 5.3, the operators L„ provide a Virasoro algebra repre- 
sentation in the space of all Fock space fields in D. 

Let us restate some facts established in the previous lectures in terms of this rep- 
resentation. 

Proposition 5.4. Virasoro generators Ln act on J^{W). 

Proof. By definition, T G J-'{W), and we know that OPE coefficients of fields in 
T{W) belong to T{W). □ 

For n > —1, we can identify the action of L„ on J-(W) with Lie derivative operators 

(L„xii0)(z) = {ct„xu){z), {vnum = ic-zr+\ 

Thus the Lie-subalgebra span{L_i, Lq, • • • } (in the space of operators on Fock space 
fields) is isomorphic to the Lie-subalgebra span{t!_i, • • • } (in the space of locally 
holomorphic vector fields) with the bracket (3.11). 
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Proposition 5.5. Let X he a Fock space field. Any two of the following assertions 
imply the third one (but neither one implies the other two): 

(a) X G T{W); 

(b) X is a {X, X^,)- differential; 

(c) L^iX = 0, LqX = XX, L-iX = dX, and similar equations hold for X. 

Here and below, L>kX = means that LnX = for all n> k. 

Proof. Under (b), (a) and (c) are equivalent by Corollary 4.4 and (5.6). Suppose 
that (a) and (c) hold. Then by Proposition 4.3 and (5.6), we get 

(/:+ X)(z) = (v^d + Xv'^)X{z) and (>C+ X)(^) = {v^d + XWi)X{z), 

which imply that the equation 

CvX = {vd + vd + Xv' + X*v')X 

holds in D^oi{v) for each vector field v. By Proposition 3.2, we get (b). □ 

We call fields satisfying all three conditions (Virasoro) primary fields in T{W). 
If X G T{W) is a Schwarzian form of order fi, then 

L>3X = 0, L2X = nl {I{z) = 1), LiX = 0, LqX = 2X, L^iX = dX. 
For n < — 2 we have 



(-n-2)! ' 

so the Lie-subalgebra span{L_2, iv_3, • • • } (in the space of operators on Fock space 
fields) is isomorphic to the Lie algebra span{T, dT, • • • } (in the space of fields) with 
the bracket 

[X,Y]= X *Y -Y * X. 
Here we use the identity (5.3). 

5.5. Singular vectors 

There is an extensive literature concerning Virasoro algebra representation theory. 
We will only mention an elementary fact that we will need later. 

Proposition 5.6. Let V he a primary field in F{W) with central charge c, and let 
A, A* he the conformal dimensions of V. Then the field 

X = [L_2 + riLl^]V, 

where r) is a complex numher, is also a primary field ( of dimensions A + 2, A*^ if 
and only if 

(5.7) 3 + 2r/ + 4r7A = 0, | + + ^r]X = 0. 
Proof. By assumption, 

(5.8) L>iF = 0, LqV = XV, L-iV = dV. 
Observe that for any ij we have 

L-iX = dX. 
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Indeed, differentiating the operator product expansion for T{()V{z) in z, we get 
(for all n) 

LnidV) = d{LnV) + (n + l)Ln-lV. 
On the other hand, by (5.8) wc have 

LnidV) = LnL_iV = (n + l)Ln-iV + L.^L^V, 
and it follows that 

L-i{LnV) = d{LnV), in particular L_iX = dX. 

We also have (for any ij) 

(5.9) LqX = {\ + 2)X. 

This follows from the identity Lo{LnV) = (A — n)LnV, which is true because 
LoLnV = [Lo, Ln]V + LnLoV = i-n + A)L„F. 

Let us now show that the equations in (5.7) are equivalent to the equations LiX = 
and L2X = respectively, and therefore to the condition L>iX = 0. 

Since [Li, L_i] = 2Lq, we have LiL^iV = 2LqV = 2XV, and 

LiL^^V = {LiL_i)L_iV = L_i{LiL_i)V + 2LoL_iV 

= 2AL_iF + (2AL_iF + 2L_iF) = (4A + 2)L_iV". 

Since we also have 

LiL_2V = [LuL^2]V = 3L_iV, 
the first equation in (5.7) is equivalent to LiX = 0. 
Similarly, we show 

L2L_2V = (4A + c/2)V, L2L\V = 6AF, 
so the second equation in (5.7) is equivalent to L2X = 0. 
Finally we notice that since [L^, L~] = 0, we have 

L^^X = 0, Lq X = K.X, LZiX = Bx, 
and the application of Propositions 5.4 and 5.5 completes the proof. □ 

Remark. The field X is called a level two singular vector of the Virasoro algebra 
representation. "Level two" means that X is an "eigenvector" of Lq (see (5.9)) with 
eigenvalue Ax : 

Ax = 2 + Xv, 

where Xy is the eigenvalue of V. Level two singular vectors of the second copy of 
Virasoro algebra (see (5.4)) are described similarly to Proposition 5.6. 
At level one, X = L^iV is singular (i.e., primary) if and only if LqV = 0, i.e., 
A = 0: 

= LiL_iF = [Li, L_i]y = 2LoV. 
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Existence of the Virasoro field 



Let ^4 be a holomorphic quadratic differential and W = {A, A). Let us assume that 
the family T{W) is big enough in the following sense: if is a holomorphic Fock 
space field, then 

(CI) Vn<0, yXeT{W), H*nX = =^ is non-random. 

In other words, there are no non-random iJ's such that the operator product ex- 
pansion of H and X has no singular terms. 

Interpreting a well-known postulate in the physical literature which says that scale 
(and translation) invariance at criticality implies (in 2D) the "invariance with re- 
spect to the full conformal group", (i.e., the applicability of conformal field theory), 
see [BPZ84], we will show that the Virasoro field exists in a conformally invariant 
situation. 

Proposition C.l. Let D be a simply connected domain and let q € dD. Suppose 
A is invariant with respect to the group Aut{D,q) and J^{W) satisfies (CI). Then 
there exists a field T G T{A, A) such that T — A is a non-random Schwarzian form. 

Proof. It is sufficient to show that there is a number c such that the operator 
product expansion 

^^'^ ~ (C^ + (C^ + 

holds in some fixed half-plane uniformization of D with q = oo. Indeed, if this is 
true, then we can define 

T = A + ^2*^"" 

where w : D — t- H is a conformal map and Sw = {w" /w')' — {w" /w')'^ /2 is the 
Schwarzian derivative of w (expressed in local charts). Clearly, T is a Schwarzian 
form, and to claim that T is the Virasoro field for F{W) we must show that T G 
J-{W). However, this follows from Corollary 4.5 because T satisfies Ward's OPE in 
the half-plane uniformization, where we have T = A, and as we mentioned earlier, 
it is enough to check Ward's OPE for a form in just one chart. 

To prove (C2) we write (in {D^q) = (H, oo)) 

Ci{z) C^jz) 
C-z^ {C-zf 

with "undetermined" coefficients C^, which are holomorphic Fock space fields. Re- 
call Proposition 4.2 - for all X G T{W^ and for all local holomorphic vector fields 
v\ and i;2, we have 



(C3) A{OA^z) ~ ^ + iP^, + 
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Applying the commutation identity (Proposition 5.1) and the operator product 
expansion (C3), we see that 

[A^^,A^^]X i V2ViCiX{z) + i V2v[C2X{z) 

We now set vi = 1. Then [i;!, 1^2] = ^3, so for all V2, 

(f V2CiX{z) = - I v'^AX^z), 

J{z) J{z) 

i.e., 

/ V2{Ci-dA)X{z) = 0. 

J{z) 

According to our assumption (CI), this gives 

Ci = dA + ci, 

where ci is a non-random holomorphic field. Next we set vi{Q = ^. Then [^1,^2] = 
Cv'2 -V2,SO 

(f Cv2{dA)Xiz) + I V2C2X{z) = -l Cv'2AX{z) + I V2AX{z) 

J(z) J[z) J{z) J[z) 

for all V2-, which gives 

C2 = 2A + C2, 

where C2 is a non-random holomorphic field. Next steps with v\{C,) = C,^ give 

C3 = C3, C4 = C4, • • • , 
where C3, C4, • • • are non-random holomorphic fields. 

We claim that all Cj's are zero except for C4 which is constant. This is where we 
use conformal invariance. Recall that conformal invariance of A means that for all 
maps t{z) = kz + a we have 

E^(z)$(zi)$(z2) • • • = fe^E A(rz)$(TZi)$(rz2) • • • ■ 
It is in the sense of such correlations that we can write 

A{OA{z) = k^A{TOA{Tz), 
or (according to the previous discussion) equate the operator product expansions 
dA{z) + ci{z) 2A{z) + C2{z) c^{z) 

c-z ^ ic-zy +(c-z)3 + '" 



and 



j^^ dAjTz) + cijrz) ^ ^^2 '^A{tz) + C2{tz) ^ ^ c^{tz) 



C-z {C-zf iC-zf ■ 

By conformal invariance of A we can eliminate the terms with A and dA, so we end 
up with the identities 

Cn{z) = k'^~'^Cn{kz + a). 

Clearly this implies that = unless n = 4, in which case c := 2c4 is a constant. 

□ 
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Operator algebra formalism 

Physical and algebraic literature uses the language of operator algebra formalism. 
Here we will outline the relation of this formalism to the theory that we discuss in 
these lectures. 

D.l. Construction of (local) operator algebras from holomorphic Fock 

space fields 

• Fix a coordinate chart cj) at some point p & D and assume (p{p) = 0; all our 
constructions will be in this chart. Let be a linear set of quasi-polynomial Fock 
space fields with the following properties: 

(a) all fields in ^ are holomorphic; 

(b) iGd, {I{z) = 1); 

(c) 5 is closed under OPE multiplications, i.e., all OPE coefficients of two fields 
in 5 belong to 5; in particular, J is closed under differentiation; 

(d) the map A i-)- ^(0) from ^ to the space of correlation functionals in I? \ {p} is 
1-to-l. 

For example, we can take one or several holomorphic fields, such as J, T, J Q J, 
etc., and study the corresponding OPE families. 

Let us denote 

V = {A{0) : Aed}, 

so F is a linear subspace in the space of Fock space functionals, and we have a 
bijection ^ i-^ V, 

A<-^a = A{0). 

(As a general rule, we will use upper and lower cases for the fields and their values, 
respectively.) For each A e ^ we define the corresponding operator field A as a 
sequence of operators (the "modes^' of A) 

(Dl) ^ = i^.i CAiOdQ, (neZ), 

^TTZ 7(0) 

which we write as a formal power series with operator-valued coefficients 

oo 
— oo 

(We use bold letters for operators.) 

The indexing in the power series can be different from (D2). It usually reflects the 
"conformal weight" of A (i.e., the eigenvalue of A as eigenvector of Lq whenever 
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this makes sense, see e.g., Proposition 5.5). For example, the Virasoro operator 
field is 

see Section 5.4 where we used the notation L„ for 1„. As we mentioned, the operators 
\n generate a Virasoro algebra representation: 

(D3) [Im, In] = (m - n)\jn+n + ■^m{m^ - l)6m+n,0- 

A simpler example is the operator field 

oo . 

— oo 

corresponding to the current J = d^. The mode operators j„ satisfy the relations 

(D4) [jm,3n] = n5m+n,0, 

which follow from the operator product expansion J[()J{z) ~ — 1/(C ~ ^^'^ the 
commutation identity in Proposition 5.1. In a different language, the operators 

Pn — ^n 

together with 1 generate a representation of the Heisenberg algebra: 

(D5) [Pm,Pn] = "T-l^m+n.O- 

• We can consider a„'s in (Dl) as operators V ^ V. Indeed, iib &V, then 6 = 5(0) 
for some field B e ^, and 

anf>= (A*_n-l5)(0) G V 

because {A *_n-i -B) G 5^ by (c). Thus we have a 1-to-l map 

Y : V ^ End{V)[[z]], a ^ A[z], 

which can be called the operator- state correspondence (elements of V are states, 
and operator fields are usually called operators). We denote by End(y)[[2:]] the 
collection of formal power series with operator- valued coefficients a„ G End(y). 
Also, we have the ^translation" operator d : V ^ V, 

da := {dA){0), 

and a distinguished {^^vacuum") state 1 = /(O). 

The quadruple (V, Y, d, 1) is a chiral operator algebra, according to the definition 
in [Kac98]. In addition to some natural properties (axioms) involving d and 1, 

[d, an] = -na„_i, dl = 0, a_il = a, a>ol = 0, 

a chiral operator algebra must have the following properties: for all a,b E V, there 
exists A'' such that 

(D6) a„6 = 0, {n>N), 

and 

(D7) (z - w)"[A[z],B[w]] = 0, (n>A), 

(as a formal power series). In our case, the first property is just a restatement of the 
fact that operator product expansions of quasi-polynomial Fock space fields have 
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only finitely many singular terms. The second axiom will be explained later. We 

repeat that a chiral operator algebra is attached to the point p and depends on ^; 
in other words, the operator fields arc functions 

A = A(p,0). 

The letter z in (D2) for A\z\ is just a dummy variable. 



D.2. Radial ordering 

In some computations we can treat operator fields A[z], which are formal power 
series with operator coefficients, as operator- valued meromorphic functions 

z A(2;). 

The precise meaning of the operator A(^z) for any particular point z is the following: 
if V = X(0) G V, then 

A{z)v = A{z)X{Q) 

in correlations with Fock space functionals whose nodes lie outside the disc B{{),\z\). 
In other words, A(2;) acts from V, the space of correlation functionals in Z)\{^~^0}, 
to the linear space of correlation functionals in D \ 0~^i?(O, \ z\). 

The operator product expansion of Fock space fields (in chart ^) 



(D8) A{z)B{w)= 



{z - wY+'^ 



w 



(note that the indexing in (D8) is different from that in Section 2.1, see (2.3); 
also recall that there are only finitely many non-zero C,/'s with positive v) has the 
following operator analogue: 

(D9) ^A[.]BH=^^-^^. 

Here TZA[z] 'B[w] is the radial ordering of A[z] and 'B[w] defined as a pair of formal 
power series in 2 variables associated with the regions \w\ < \z\ and \z\ < \w\, 

m n 

and 

n m 

The meaning of the right-hand side is more complicated. First, we replace the 
negative powers of (z — w) by their Taylor expansions in the corresponding regions, 
e.g., 

1 1 W /I I I l^ 

= - + ^ + ---, {w<z). 

z — w z z^ 

liCjj = ^ for all but finitely many i/'s, then the right-hand side in (D9) gives us a 
formal power series in lu, z, say 



and (D9) means exactly the equality of coefficients: 
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However, if there are infinitely many d, ^ 0, then the coefficients tm,n appearing 
in the double scries in the right-hand side will be infinite sums of operators and 
therefore will not be elements of End(y) (unless we introduce some topology in V). 
In fact, one can interpret (D9) as an asymptotic expansion of formal power series; 

nA[z] B[w] = Y: . " r.+i +0{iz- wf) for ah N > 0, 

see [Kac98] for the meaning of the error term. 

Let us give an interpretation of (D9) in the setting of operator algebras arising from 
holomorphic Fock spaces fields. Denote by tjn,n the coefficient of z~'"^~^w'''^'~^ in 
the right-hand side of (D9) for < \z\}. (As we mentioned, tm,n is an infinite 
sum of operators in V.) 

Claim. For all strings X, p ^ Sx, and for all f E V, we have 
(DIO) E(a„b„/)A' = B{tm,nm. 

Recall that amb„/ is the value of some field in ^ evaluated at 0. Similarly, tm,nf 
is an infinite sum of such values. 

Proof of Claim. Let us derive (DIO) from the operator product expansion (D8). 
We will use the following notation: if < (5 ^ 1, then X G {S) means that all nodes 
of X are outside (p-^B{0,6). 

U X £ (S) and < < 5, then for all / = F(0) G V, wc have 
(Dll) B[{B(w)f)X] =E[B{w)F{0)X]. 

The correlation function in the right-hand side is analytic in < \w\ < 6. The 
left-hand side is the numerical scries 

BjhnDX ^ ^ E(^ F){0)X 

which converges in < \w\ < 6. 

Suppose that X e {S) and < \w\ < \z\ < 5. Then for ah / G V, 

B[A{z)B{w)fX] = B[A{z)B{w)F{0)X]. 
Note that A{z)X G ((^i), where 5i = \w\. By (Dll), we have 

Y.[A{z)B{w)F{{))X] = Y.[B{w)F{Q)A{z)X] = E[{B{w)f)A{z)X] 

^ n{^nf)A{z)X] ^ ^ 1 E s.„,h,JX 

II m 

The double series converges absolutely and represents the analytic function 
{z,w) ^ i:,[A{z)B{w)F{0)X] in < < 1^1 < S. 

Similarly, 

^m,nfX 



EE 



converges absolutely and represents the same function (by operator product expan- 
sion) in the region 

{\z -w\< 6/2} n {5/2 < \w\ < \z\ < 6}. 
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This implies the equahty of coefficients. 

The proof of (DIO) in the region \z\ < \w\ < 6 is similar. □ 



D.3. Commutation identity and normal ordering 

• The commutation identity in Proposition 5.1 can be restated in operator terms 
as follows. If we have the operator product expansion (D8), then 

(D12) [A[z],BH] = E^feM ^^^^^Ip^, 

fe>0 

where 6{z — w) denotes the power series 

(D13) s{z-w)=- y: (-) , 

m=— oo 

and d^''\z — w) are obtained from (D13) by differentiating k times with respect to 
w. 

To prove (D12), we write 

2771 .7(0) Zm J(^) 

The operator product expansion of A((,)B(r]) and the binomial expansion of at 
r) give us the (Borcherds') formula: 

(D14) [^"^' bn] = ( T ) ^k,m+n-k, 

k>0 

where ;'s are the mode of C^. Thus we have 



^-m-l^m-k 



(D15) [Ai4BHi = EEife^ = EE^E(T) 

m n k>Q I m ^ ^ 

= 2^^k[w] . 

ifc>0 

Note that (D12) implies the axiom (D7) because the right-hand side in (D12) is a 
finite sum. 

• The formula (D14) can be used to restate the radial ordering formula (D9) in 
terms of normal ordering. By definition 

: A[z] BH : = A+[z\ BH + BH A_[z], 

where A-|.[2;] = X^^^g ^mZ~"^~^, and A_[z] = A[z] — A+[z] is the principal part of 
the power series. Then the operator product expansion (D9) takes the form 

(D16) n A[z] BH = : A[.] BH : +E T^^S+T" 

fc>0 ^ ^ 

Note that all terms here are well-defined as formal power series. To prove (D16) in 
the region \z\ > \w\, first we note that 

A[z]BH - :A[z]BH: = [A-[z],BH]- 
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It follows from (D14) that 

[A-w.BHi = E E = EE 5i E (r)^ 

m>0 n k>0 I m>0 ^ ^ 

On the other hand, the inner sum X]^>o {^) z~"^'~^w"^'''^ is the power series expan- 
sion of {z — w)~'^~^ in the region \z\ > \w\. Thus we have 

[A-W.BW1 = E77§S«- 

fe>0 ^ ^ 

Similarly, to prove (D16) in the region \z\ < \w\, one can use 
BH A[z] - :A[z]BH: = -[A+[z],BH] 

and (D14). 

• Normal ordering of operator fields can be expressed in terms of their "modes" : 

:A[.]BH:=EE ^ 

m n 

where 



am b„ if m < 0; 

b„ Sim otherwise. 



The definition can be extended to the case w = z 



:A1.)BW:.EE^- 



The right-hand side is well-defined as a formal power series: if v e V, then all but 
finitely many terms in 

\ ^ \ ^ '■ : V 

m n 

are trivial. Clearly, the operator field : A B : corresponds to the Fock space field 
A^B under the operator-state correspondence. 

Example. The Virasoro field T = — ^ J * J (see Section 5.1) corresponds to the 
Virasoro operator field 

T = :J J: . 

2 

The modes of T can be stated in terms of those of J : 

^ oo 

(D17) \n = -^ ^ :j-fejfe+n:- 

fc=— oo 

Since [jm; jn] = unless m + n = 0, we can understand the normal ordering 

I jm jn if m<n; 

Ijnjm otherwise, 



■Jm Jn ■ 



i.e., in Wick's sense: we put all "creation" operators on the left, so we apply 
"annihilation" operators first. For example, 

^ oo 
n=l 
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• The construction (D17) in the last example is purely algebraic: if we define 

J oo 

k=—oo 

for any representation of Heisenberg's algebra, then we get a Virasoro algebra rep- 
resentation with c = 1. For example, one can use the generators 

po = 1 (1?^ = 1 for all V G F), Pn = 5g„, P-n = ng„, (n > 0) 

which give us a Heisenberg's algebra representation in the space of quasi-polynomials 
/(ft) ^2, • • • )e^°- We also have 

(D18) [lm,Pn] = -npm+n- 

This algebraic approach can be applied to construct Virasoro algebra representa- 
tions with c 7^ 1. For example, it is easy to verify that the generators 

(D19) In = In - ib{n + l)j„ 

give a representation with c = 1 — 126^, see [KR87] where this modification is called 
Fairlie's construction. 

To prove (D19), we use (D3), (D5) and (D18): 

[ImJn] = [KAn] + b(m + '^)[^n,Pm] - &(?^ + l)[lm, Pn] + + + l)[Pm, Pn] 

= [Im, In] - K"^ -n){m + n+ l)Pm+n - b^m{lV? - l)Sm+n,0 

1 — 126^ 

= (m - n){\m+n - + n + l)Pm+n) H ^ — m(m^ - l)Sm+n,0 

= {m- n)\m+n + ^rn{m'^ - \)5m+n,o- 

We will discuss these central charge modifications in the context of Fock space fields 
in the next lecture. 



LECTURE 6 



Modifications of the Gaussian free field 

In this lecture we discuss central charge modifications of the Gaussian free field in a 
simply connected domain D with a marked boundary point q. These modifications 
appeared in [RBGW07] in the context of chordal SLE theory. Similar constructions 
had been well known in the physics/algebraic literature, in particular in Coulomb 
gas formaHsm, see [DFMS97], Chapter 9. 

The modifications of the Gaussian free field are parametrized by real numbers h. We 
denote by the corresponding OPE families. The families are Aut(Z),g)- 
invariant and have the central charge c = 1 — 125^. Their Virasoro fields are exactly 
the algebraic modifications (D19) mentioned in Appendix D. 

Certain vertex fields in 7^(5) have the fundamental property of degeneracy at level 
two - they produce singular null vectors. Combining the degeneracy equations with 
Ward's identities we obtain the equations of Belavin-Polyakov-Zamolodchikov type 
(BPZ equations), which play an important role in conformal field theory. Cardy's 
boundary version of BPZ equations will be used in Lecture 8 to relate chordal SLE 
theory to conformal field theory. 

Change of notation. Prom now on, we add the subscript (0) to the notation of 
fields in the OPE family of the Gaussian free field. (This subscript will indicate 
the value of the modification parameter h.) Thus $(o) is the new notation for the 
Gaussian free field in D, and 

•^(0) = 9^(0), = -^J(o) * ^(0), etc. 



6.1. Construction 

For a simply connected domain D with a marked boundary point q G dD^ we 
consider a conformal map 

W = WD,q ■ {D, q) -)• (H, do), 

from D onto the upper half-plane H = {z G C : Imz > 0}. It is important that the 
function arg w' : _D — > R does not depend on the choice of the conformal map. Let 
us fix a parameter 5 G M and define 

w" 

(6.1) $ = = $(0) - 26argu;', J = J(;,) = = J(o) + ib—. 

Note that J is a pre-Schwarzian form of order ib, and as a form it is conformally 
invariant with respect to Aut{D,q). 
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T = ^b) = -7:J * J + ibdJ. 



Proposition 6.1. The field has a stress tensor, and its Virasoro field is 

1 

The central charge of is 

c = c{b) = 1 - 126^. 

Proof. Let us define 

A = = ^(0) + {ibd - j)J(^o), 3 ■■= E[J] = ihw"/w'. 

Then A is a holomorphic quadratic differential. Indeed, tlie cocycle of jJ[Q) is 

h"\ ~ 
ih— j • /i'(J(o) oh) = ihh"{J(iS) o h), 

and the cocycle of 3J(o) is h"{J(^Q^ o h). 

We claim that W = (A, A) is a stress tensor for Since $ is a pre-pre-Schwarzian 
form, by Corollary 4.5 all we need is to check Ward's OPE in H, 

(6.2) A{Cmz) = (A(o)(C) +^65J(o)(C) -i(C)J(o)(C))^(^) ~ ^ +^^(^^- 

However, this is immediate from Proposition 2.5 (a) and (2.4). 
Finally, let us show that 

1 — 1 2ft2 

(6.3) T = A+^^S^, 

where Sw = {w" /w')' — {w" /w')"^ /2 is the Schwarzian derivative of w. This will 
conclude the proof: T is a Schwarzian form of order c/12, and T G ^(W) by 
Proposition 4.8. Prom the expressions of T and J we find 

T = A+^S^-^^+ibj'. 
The last two terms can be written as b'^N^/2 — b^N!^ = —b^Sy,, so we get (6.3). □ 



Remark. The Virasoro field T is real and has no singularities on dD including the 
point q. This is easy to verify using the formula 

E[9J(C)$(z)] = - (in idn). 

In particTilar, it follows that we can apply Ward's equations as they are stated in 
Section 4.7. 

Notation. Denote by J^(5) the OPE family of the "bosonic" field ^(b), the lin- 
ear space (over C) spanned by OPE coefficients of ^(6), OPE coefficients of OPE 
coefficients of $((,), etc., e.g., 

1, J(5)*J(5), 5J(5) * ($(5) * ^>(5)), etc. 

We allow some infinite combinations, e.g., the OPE exponentials of ^{p)- Since the 
OPE coefficients of two conformally invariant fields are conformally invariant, the 
fields in Tq,-) are invariant with respect to Aut(D, g), and Tq,-^ is their Virasoro field. 
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6.2. Vertex fields 

Vertex fields in are defined as OPE-exponentials of the bosonic field $ = $(b)■ 
If a G C, then by definition 



oo 



n=0 

We have 

where ip := E$ = —2bargw' is an imaginary part of a prc-prc-Schwarzian form 
and C is the conformal radius, which is a (—1/2, — l/2)-differential. This gives the 
following statement. 

Proposition 6.2. V^'^^ is a primary field of F{p^ with conformal dimensions 

A = — — + iab, A* = — - — iab. 
Note that the expression for V^^ in the upper half-plane does not depend on b. For 



2 

example, the 1-point function is EV" = (2y)" , and the 2-point function is 
(6.4) EV"(zi)V"(z2) = (4yiy2)"'e2"'^(^i'^^) = {Ayiy2 



2a2 

Zl - Z2 



Zl - Z2 

On the other hand, the conformal properties of the vertex fields, as well as their 
Virasoro fields T, depend on the central charge. 

In what follows, we will only consider vertex fields with a = ia purely imaginary 
(cr G M) and therefore with real conformal dimensions 

A = Y - (TO, K = — + ab. 

The difference A — A* = —2ab is called the conformal spin of the vertex field. If 

the spin is —1, then the direction of the field (in correlations with real Fock space 
fields) transforms as the direction of a vector field, and so the orbits of the ordinary 
differential equation 

i = V'^iz) 

(if this can l)c defined appropriately) are natural conformally invariant objects, see 
[She05] and [RBGW07]. 

Vertex fields with a = 2b have conformal dimension A = 0; they produce non- 
degenerate level one singular vectors dV. 



6.3. Level two degeneracy and BPZ equations 

Let V = V^'^^ . From the algebraic description of level two singular vectors in Propo- 
sition 5.6 it is easy to see (use \ = /2 — ab and c = 1 — 126^) that the field 

X = T*V + ■qd'^V 

is a differential (or primary) if = — l/(2a^) and 2a{a + 5) = 1. 
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Proposition 6.3. IfV = Vj^^ and if 

2a{a + 6) = 1, 

then 

(6.5) T*V = ^d'^V. 

Proof. Since the difference is a differential, it is sufficient to verify (6.5) in the 
upper half-plane. The proof is an easy exercise in Wick's calculus. All computations 
below refer to the identity chart of the upper half-plane. In this uniformization we 
have 

$ = $(0), a$ = J = J(o), T = Ti^o) + ibdJ, T(o) = -^J©J. 
Let us first compute the T * V in the special case 6 = 0: 

(6.6) r(o) * V{z) = T(o) V{z) + ia{dJ) V(^) - iJ-^^ + la"-^^^. 

Z Z Zi [Z Z j 

Indeed, 

r(o)(C)V(^) = -2 E -^^-^^^^ ® '^(^)) ^(^) ® • • • ® ^(^)^"" 

n>0 

= I + II + T(o)0V(z) + o(l), 
where the terms I and II come from 1 and 2 contractions, respectively. Since 

II = 1«=(E[40*(.)1)=V(.) = (^ - + ^) V(.) 

its contribution to r(o) * V is 



3 . Viz) 
2 (z-z)2- 



On the other hand, it follows from E[J(C)$(2;)] = \/{C,-z)- 1/(C - z) that 

i = »(f^-f^)^K)a>^W- 

Thus its contribution to r(o) * V is 

JQV{z) 



ia{dJ)QV{z) -ia- 



z — z 



(6.7) {dJ)*V{z) = {dJ)QV{z)-ia-^^ 



To compute T * V in the general case 6 7^ 0, we note that 

V(^) 

\z-zy 

which follows from E[5J(C)$(^)] = -1/(C - z)^ + 1/(C - z)^. Prom (6.6) and (6.7), 
we get 

T * Viz) = r(o) Viz) + iia + 6)(5J) V(z) - m "^®^^^^ + (^a" + afe) 
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The computation of the right-hand side in (6.5) is easy: 

dV{z) = -a^^^+iaJQV{z), 

It follows that 

r*V»(z)-^52V-(.) =^{a + h-l-^ {dJ)QV{z)+ [a' + a6 - = 

provided that 2a(a + 6) = 1. □ 

Degenerate singular vectors give rise to (BPZ) equations for certain correlation 
functions. 

Proposition 6.4. LetV = V^*^^ and2a{a+h) = 1. Then in the (H, oo) -uniformization, 
we have 

^d^,BV{z)Xi{z,) ■ --XniZn) = BV{z)Cl [Xi(zi) • --XniZn)] 

+ BC-_JV{z)X,{z,)---Xn{Zn)], 

where Vz{C) = l/(-^ ~ C) o,''^d the fields Xj belong to J^(b)- 

Proof. Denote X = Xi{zi) ■ ■ ■ Xn{zn). Since T * V = ^^^V, we have 



^dMV{z)X] = E 



iz)X 



B[{T*V){z)X], 



2a? 

so we can apply Proposition 4.13. □ 

Example. The function 

f{z,zi,--- ,Zn) = -EV''{z)V'''{zi)---V''-{zn), {z,ZjeM), 

e.g., the 2-point function (6.4), satisfies the following 2nd order linear PDE for all 
values of 6: 

~^l\Z-Zj [Z- ZjY Z - Zj [z - ZjYJ 

where Aj, A*j are conformal dimensions of V*°^^ and A* = a^/2 + ah. 



If the fields Xj in Proposition 6.4 are not differentials (e.g., if they are forms), then 
the BPZ equations are not necessarily of PDE type. See e.g., the Priedrich- Werner 
formula in Section 8.5. 
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6.4. Boundary conditions and insertions 

We can further modify our bosonic fields by conditioning them to have certain 
(non-random) boundary values. 

Proposition 6.5. Let u be a real non-random harmonic function in D. Define 

$ = $(6) +u, J = 5$. 

Then 

(a) the field $ has a stress tensor and its Virasoro field is 

(6.8) f=-^J* J + ibdJ = T-{du)J + ibd^u-^{duf; 

(b) the vertex fields V = e**"* with 2a(a + 6) = 1 produce degenerate level two 
singular vectors. 

Conditioning changes neither the conformal nature of the fields nor the central 
charge. 

Proof, (a) The field 

(6.9) A = A-{du)J + ibd'^u-]^{duf 

is a holomorphic quadratic differential. Indeed, denote f = du;\i \s a. holomorphic 
1-differential. Since both ibf and fJ are quadratic differentials with the same 
cocycle ibf{logh'y, their difference is a quadratic differential. 

We claim that W = {A, A) is a stress tensor for ^. Since $ is still a pre-pre- 
Schwarzian form, by Corollary 4.5 all we need is to check Ward's OPE (in the 
(H, oo)-uniformization) of A and $ : 



However, this is immediate from (6.2) and (2.4). 
From (6.3), (6.8), and (6.9) we derive 

^ ^ 1 — 1 2?)2 
(6.10) T = A+^^S^. 

It follows that T is the Virasoro field because T is a Schwarzian form of order c/12, 
and f e T{W) by (6.8) and Proposition 4.8. 

(b) Denote V = e^»"V, V = V^^y f = du, and let 

It follows from the operator product expansion (see (2.4)) 

JiOHz) = -ir^ + dc{z) + (J $)(z) + o(l) 

that 

(/J) * V = / J © V + iafdcV - iaf'V. 
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Thus by the relation (6.8), we have 

f*V = r*V-/J0V - iafdcV + i{a + b)f'V - \fV. 
Differentiating V = e'""V, we get 

i^d^V = ^ (iaf'V - a^fV + 2m/e^""5V + e^^^S^v) . 
The degeneracy equation (6.5) gives 

X = -fj V - iafdcV - -fe'^'^dV. 

a 

However, dV = a(C-«'eO'«*) =iaJQV- a^dcV in M. Thus X = 0. 

(One can argue that conditioning does not change the singular parts of the operator 
product expansions of J{QV{z) and T{QV{z). In Appendix E we will explain this 
implies that the degeneracy equation survives under conditioning.) □ 



Remarks, (a) Ward's and BPZ equations for fields with non-trivial boundary con- 
ditions are in general not the same as the equations in Propositions 4.12 and 6.4. 
This is because the Virasoro field T, see (6.8), may be non-real and/or may have 
singularities on the boundary. For example, if 

(6.11) = const • arg If;, u; : (Z),p, g) ^ (H, 0, oo), 

then T has a double pole at the origin, and Ward's equations for differentials take 
the form 

1 X „ A. 



Ef (C)X = Ef (0 EX + ^ [( - 1 + -^)d, + 



BX 



+ E[(-7 + A:)^. + 77^]e^, (inide), 



c c--z/ ' (C 

where X = Xi{zi) ■ ■ ■ Xn{zn) is the tensor product of differentials in F{W). The 
BPZ equations can be adjusted accordingly. 

(b) In the special case ([SSIO]) 

(6.12) u = 2asxgw, 2a{a + b) = l 

of boundary conditions (6.11), wc have a different type of BPZ equations - this 
will be important for the SLE theory. The nature of the equations is the following. 
We can realize the boundary conditions (6.12) by inserting a chiral vertex which 
produces a degenerate singular vector. Chiral vertex fields will be defined in the 
next lecture. It is probably worthwhile to explain the idea in a simpler, non-chiral 
situation. 

Fix a point zq & D and define 

$ = $ + 2aiGz„, 

where $ = $(6), the constants a and b satisfy 2a{a + b) = I, and Gz^ is the Green's 
function with pole at zq- As in Proposition 6.5, we can build many other fields from 
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e.g., J := or := e*^^. As we explained in Appendix A. 3, we can interpret 
such hat-fields in terms of an insertion: 

If A' is a string of differentials, then we can apply Ward's and degeneracy equations 
to derive 2nd order PDE for 

EA^ = C-'^'(zo)E[V(t)(-^o)^]. 
This equation will involve the insertion point zq. 



APPENDIX E 



Current primary fields and KZ equations 

In this appendix we give an algebraic proof of Proposition 6.3 (characterization 
of level two degenerate vertex fields). The proof is based on the fact that vertex 
fields in are primary fields of the corresponding current algebra. We also derive 
the so-called Knizhnik-Zamolodchikov equations (KZ equations) for correlators of 
current primary fields. 

E.l. Current primary fields 

Let {Jn} and {Ln} denote the modes of the current field J and the Virasoro field 
T in theory, respectively: 

Jn{z) ^=^j[^(c-^r-^(c) dc 

and 

L^{z):=^.l {Q-zT+^nOdC. 

(We consider them as operators acting on fields in J^(b).) Then we have the following 
equations: 

(El) [Jm, Jn] = n5m+n,0', 

(E2) [Lm, Jn] = -nJm+n + ibm{m + l)dm+n,o; 

cf. (D4) and (D18), and also 

^ oo 

(E3) ^" = "2 ^ ■ ■ + 

k=—oo 

cf. (D17) and (D19). 

Recall that X G T(^h) is (Virasoro) primary if X is a (A, A*)-differential; equivalently: 

(E4) L>iX = 0, LqX = \X, L^iX = dX, 

and similar equations hold for X (see Proposition 5.5). A (Virasoro) primary field 
X is called current primary if 

(E5) J>iX = J>iX = 0, 

and 

(E6) JqX = -iqX, JqX = iq^X 

for some numbers q and ("charges" of X). Charges determine dimensions: 
(E7) ^=lq^-bq, X* = ^ql + bq^. 
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Examples, (a) The vertex field V" is current primary with charges q = q* = —ia, 
see (2.5). 

(b) The current J in the case 6 = and the Virasoro field T in the case c = are 
Virasoro primary, but not current primary. 

Proposition E.l. If X E is a current primary field, then 

(E8) J-iX = --dX, J_iX = ^ dX. 

q q* 

Proof. First we note by (E3), 

(E9) = -J_iJoX, LoX = -^JqX - ibJoX. 

It follows from (E4), (E9), and (E6) that 

dX = L_iX = iqJ_iX 

and the similar equation holds for X. □ 

Proposition E.2. Let V be a current primary field in J-^{b)^ '^^'^ Qi Q* be charges 
ofV. Then 

[L_2 + vLli]V = 



if 

1 



2q{b + q) = l, ri=- 



Proof. Since V is Virasoro primary, L_iF = dV, see (E4). By (E8), we have 

L\V = L^idV = iqL^iJ^iV. 
It follows from (E3), (E6), and (E8) that 

L_2V = -J-2JqV - \j-iV + ibJ-2V = i{b + q)J-2V + ^J^iL^iV. 

Let X = [L_2 + r]L^i\V. Combining the above two equations we see that X is a 
linear combination of J_2, J_iL_i and L_i J_i: 

X = i{b + q)J-2V + ^J^iL^iV + irjqL-iJ-iV. 
2q 

On the other hand, by (E2), J_2, J-iL-i and L_i J_i are not linearly independent: 

J_2 + J-iL_i - L_iJ_i = 0. 

Thus X = if 

b + q= — = -r)q. 
2q 

□ 
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E.2. KZ equations 

Proposition E.3. Let Xj = V^'^^ and X = Xi{zi) ■ ■ ■ Xn{zn) be the tensor product 
of Xj 's. Then the equation 

2 

d.^BX = ( - + ajak{^ ^)) BX 

k^j 

holds in the {M.,00) -uniformization. 
Proof. It follows from Proposition E.l that 

9,,EX = ia,E[Xi(zi) • • • J * Xj{zj) ■ ■ ■ = ia,-^ / M^^i^ dC- 

By Schwarz reflection principle (J is purely imaginary on the boundary), 

C ^ E[J(C)X] 

has an analytic continuation / to C\{zk, Zk k = I, ■ ■ ■ , n}. It is easy to check that 
the integral of /(C)/(C ~" ^j) over the circle \(\ = R tends to as 00. Thus by 
Green's formula 

1 / /(C) 



J t 



Proposition now follows from (E5) and (E6). □ 

In contrast to the BPZ equations, KZ equations do not depend on the central 
charge. 



LECTURE 7 



Multivalued conformal Fock space fields 

In the physical literature, chiral fields are described as elements of the "holomor- 
phic part" of conformal field theory. We will try to interpret these objects in our 
"statistical" setting, in terms of conformal Fock space fields. 

The following example is meant to illustrate the idea of a chiral field. We define 

n 

$„(z) = ^/2^(G(z,A,)-G(z,^,)), 

where G is the Green's function in the unit disc D and {Xj}^^^, {/ij}"^^ are two 
independent copies of the eigenvalues in the Ginibre ensemble (the case Q{z) = \z\'^ 
in the random normal matrix model mentioned in Appendix B), see Figure 7.1. The 
random function approximates the Gaussian free field in D (with zero boundary 
conditions) ; 

as distributional fields. 




Figure 7.1. Eigenvalues and graph of <I> 
Let be the harmonic conjugate of and set 

2 
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This random function is holomorphic and ramified at many points. On approxi- 
mate level, chiral vertex fields are properly normalized exponentials of In the 
limit n — 7- oo, such fields will be ramified everywhere, but in correlations with any 
particular Fock spade functionals, their monodromy group will be finitely generated. 

Some of the reasons to study chiral fields will become clear in the last two lectures. 



7.1. Chiral bosonic fields 

• In this section we will define multivalued fields = in {D,q), a simply 
connected domain D with a marked boundary point q. As in the previous lecture, 
6 G M is a fixed parameter (so c = 1 — 126^ will be the "central charge"), and 



w" 



$ = $(5) = $(0) - 26argu;', J = J(;,) = = J(o) + ib—, 

where $(o) is the Gaussian free field in D, and w : {D, q) (D, oo) is a conformal 
map. Recall that J is a pre-Schwarzian form of order ih. 

Notation. If 7 is a path in D (or in the closure D), then we will write 

We think of this "generalized" Gaussian random variable as a correlation functional 
in the complement of the curve (we can define correlations with Fock space func- 
tionals X as long as the set of nodes Sx is in D\^). The integral J{o)iC) does 
not depend on local coordinates but the extra term in the b ^ theories requires a 
specification of coordinate charts at the endpoints of 7. In the following discussion 
we will use the identity chart ido unless the opposite is explicitly stated. 

If z,zo & D (not necessarily distinct), then 

^\z, zq) = {$^(7) : 7 is a curve from zq to z} 

is a multivalued correlation functional 

X ^■E[^^{z,zo)X], 

where we only consider curves in the complement of Sx- Since J is holomorphic, 
homotopic curves give the same values. Varying the endpoints, we obtain a bi- 
variant field whose values are multivalued functionals 

$t(z,zo) = $Jo)(z,zo) + i61ogu;'|^^. 



We can "freeze" the point zq and consider ^^{z) = ^^{z,zo) as a function of one 
variable; more about it later, see Section 7.3. Similarly, we can consider the "mon- 
odromy field" z I— 7- ^"^{z, z). 

We can also define the harmonic conjugate <I> of bosonic field $ by the equation 

(7.1) 2$1" = $ + i$, 

where $ = $(z, zq) is of course $(z) — $(zo). Then we have 

$ = 2 Im = i$ — 2z$^ = j *d$ = j iJdz — iJdz. 
If both endpoints are on the boundary, then $ = — 2z$^. 
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• We can talk about "branches" of the multivalued field in the sense of corre- 
lations with a fixed functional X, e.g., we have single- valued branches of E$^(z)A' 
in any simply connected domain U C D \ Sx ■ It is in terms of such branches that 
we understand conformal properties and define derivatives of the multivalued field 

In particular: 

(a) the branches of $1' depend on local coordinates, e.g., is a pre-pre-Schwarzian 

form of order itzft with respect to the endpoints; 

(b) the branches of have the usual derivatives, 

(7.2) dz^\z, zo) = J{z), dz,^\z, zo) = -J{zo), 
and of course 5^$^ = Bz^^^ = 0, so is a "holomorphic" field; 

(c) if a vector field v is analytic at z and zo, then the branches of at z have the 
Lie derivative 

C^{z)<!>^{z, zo) = Ct{z)<!>^{z, zo) = v{z)J{z) + ibv'{z), 
and the branches of at zq have the Lie derivative 

C^{zo)^\z,zo) = £:j;{zo)^\z,zo) = -v{zo)J{zo) - ibv'{zo), 
so the functional 

(7.3) C^[<^Hz, zo)] = v{z)J{z) - v{zo)J{zo) + ibv'{z) - ibv'{zo) 
is single- valued. 

• As we explained, the correlations of ^^{z, zo) with single- valued Fock space fields 
are multivalued analytic functions in z and zq in the complement of the nodes. 

Examples, (a) We have 

(7.4) E[${q)(z,zo)^(o)(^i)] = G+{z,zi)-G+{zo,zi), 
where G'^ is the complex Green's function, 

G+(2;, zi) = G{z, zi) + iG{z, zi). 

Here G is the harmonic conjugate of the Green's function. The multivalued holo- 
morphic function G^{-,zi) is defined up to a constant. In the case when we have 
a marked boundary point q, we usually choose the constant so that G G~^{q, zi), 
which makes G'^ conformally invariant with respect to Aut{D,q). In terms of a 
conformal map w : {D,q) (H, oo), we have 



ri+f \ , w{z)-w{zi) 

G+{z, zi) = log — --. 

w[z) — W[Zi) 

Note that z and zi appear in G^ asymmetrically, and 

(7.5) dzG+{z,zi) = 2dzG{z,zi). 

(b) Differentiating (7.4) with respect to z\ we obtain the equation 

(7.6) ^[^\z,zo)J{zi)] = — ^- — in M. 

Z Z\ Zo Z\ 

It follows that the correlations E[$"f(z, Zo)J{zi)] are single- valued as functions of all 
three variables. Similarly, we can show that the correlations of with the Virasoro 
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field T are single- valued, and this fact is important because it allows us to consider 
Ward's OPE and apply Virasoro generators to see below. 

It is easy to describe the fields which have single- valued correlations with . Con- 
sider the "charge" operator 



2m _ 

(it is just the 0-th mode of the current and it does not depend on b). For example, 
Q/ = (7(z) = 1), gj = 0, QT = 0, 

but 

A single-valued Fock space field X has single-valued correlations with $1' if and 
only if 

X e kerQ 

(express the correlations of X with the monodromy field ^^{z, z) in terms of QX). 

Proposition. If X,Y G kerQ, then all their OPE coefficients, in particular dX 
and X *Y, are in ker Q. 

Proof. It follows from Proposition 5.1 that 

Q{X *„ Y) = QiX) *nY + X*n QiY). 

□ 

• We define correlations of two or more multivalued fields only for non-intersecting 
paths. For instance, in the case of the 2-point function of we consider non- 
intersecting paths 7 and 7', and set 

(7.7) E[$t(^)a>t(y)] = log - ^o)(^o - in M, 

(Z Z ){Zq Zq) 

where the logarithm of the cross-ratio depends on the number of times one curve 
winds around the other. 

• Let us finally explain in what sense ^>|^^ belongs to the theory J'{b)i the conformal 
family of Fock space fields generated by see the previous lecture. As in the 
case of single-valued fields, this can be expressed in the form of Ward's OPE 

(7.8) T{C)^Hz,z,)^-^^ + ^, C^z, 

where T = T^j) and = ^"^^i^y (recall that is a pre-pre-Schwarzian form) or 
equivalently in the residue form of Ward's identities 

(7.9) vT^^{z,zo)=jOv{z)^Hz,zo). 
27r« 7(2) 

(Similar statements hold for zq.) 

According to our discussion above, the meaning of (7.8) and (7.9) is the following. 
For every single-valued Fock space functional X and every curve 7 connecting zq 
and z in D \ Sx, the function (" 1— t- E [T((")$"f(7)A'] has an analytic continuation 
to D \ (Sx U {z,zo}) and the above relations hold for this analytic continuation. 
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Note that the continuation depends on the homotopy class of 7 in D \ S';^ but the 
singular parts of the Laurent series do not depend on 7. 

To prove (7.8) we simply integrate with respect to 77 the operator product expansion 



which is equivalent to Ward's OPE for J, see Corollary 4.5, and interpret the result 
in the sense explained above. 

7.2. Chiral bi-vertex fields 

• Definition. Our next goal is to construct normalized exponentials of the chiral 

bosonic fields in such a way that these multivalued fields will be Ant(D, (j'j-invariant 
holomorphic differentials and will belong to J-'^j) in the sense explained above. 

Recall that in the non-chiral case, the use of OPE multiplication automatically 
produces fields with these properties. We cannot directly extend this approach 
to chiral fields because of the difficulties with the definition of their correlation 
functions and therefore with operator product expansions. Without going into 
details, we will just state the definition of chiral vertex fields and then verify the 
properties. (See also Section 9.2.) 

So, by definition (for z zo,a e C), 

Viz Za) = V (z Zn) - W f-vU " ( ^'(^)^'(^o) &a^Uz,z,) 



{w{z) - w{zo)y J \w'{zo), 
where w is any conformal map {D, q) — >■ (H, 00) and 7 is a curve from zq to z. 

There is no difficulty in interpreting Wick's exponentials e®"*(o)^^'^°^. Their cor- 
relations with single-valued Fock space fields are given by Wick's calculus and by 

correlations of see the previous section. Clearly, e®"*(o)'-^'^°^ is a scalar field 

and it is invariant with respect to Aut(D). It is also clear that the field e®"*(o)^^'^°^ 
is holomorphic in both variables. 

The function 

w'{z)w'{zo) 
Xw{z) -w{zo)yJ 

does not depend on the choice of w. As wc mentioned in Section 3.3, this is a 
non-random holomorphic differential of dimensions — with respect to both 
variables; it is invariant with respect to Aut{D). It follows that V^^(z,zo) is a 
holomorphic differential of conformal dimension 

A = — — + iab 
with respect to z and of conformal dimension 
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with respect to zo; it is Aut(£), q')-invariant. 

• Ward's OPE. Let us now establish Ward's OPEs for chiral vertex fields. This will 
allow us to say that the field V^-^ belongs to . The meaning of this statement 
was explained in Section 7.1 - we need to consider correlations with single- valued 
Fock space functionals X. It is crucial that such correlations are not ramified at 
C = z, which is a consequence of the corresponding property of the chiral bosonic 
fields, see (7.8). 

Proposition 7.1. We have 

{Q- zY Q-z 

where T = T^^) and V = V(5) . Similar operator product expansion ( with Aq ) holds 

as ( ^ zq. 

Proof. The proof is by Wick's calculus. Since chiral vertex fields are differentials, 
it is sufficient to perform the computation in the half-plane uniformization, which 
simplifies the argument. All computations below refer to the global chart of (H, oo) 
as in the proof of Proposition 6.3. Thus we have 

$ = $(0), $^ = $|o), 5$ = J = J(o), T = T^o)+ibdJ, r(o) = -^J0J. 
Let us first consider the case 6 = 0: 

r(o)(C)e®"*' = -2i:^ (•^(0 0^(0) (^^o---©^^) - i + n, 

n>0 

where the terms I and II come from 1 or 2 contractions, respectively. Thus 

I ~ -aE[J(C)^> V(C) © e®"*^ and II - -^a^E[J{C)<^^]h®'^'^\ 

By (7.6), the singular part of operator product expansion of T^g) and e®°*^ at z 
reads 



C - z 2 iC-zY z-zo C-z- 

This proves the relation (7.10) when 6 = 0. For 6 7^ 0, all we need to show is that 

Sing^^,5J(C)e®"*^ = ^^^e®'^*\ 

Since we can differentiate the singular part of operator product expansion, we just 
need to verify that 

0a$t 

Sing^^,J(C)e®"*' = -a^ 



However, this is immediate from (7.6). □ 

• Global Ward's identities involving chiral vertex fields have the following meaning. 
Let A' be a string of single- valued Fock space fields in the family Then for all 
curves 7 in \ Sx and all vector fields v (which are holomorphic at the endpoints 
z,zo of 7 and at the nodes of X) we have 
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This can be established following the same argument as in Lecture 4 and using the 
fact that the function 

C^E[T(C)F"(7)^] 
extends to a single- valued analytic function in D \ Sx- 

Ward's equations, see Section 4.7, also hold for chiral bi-vertex fields with similar 
interpretation. 



7.3. Rooted vertex fields 

It is important to understand that chiral vertex fields exist only as bi-variant ob- 
jects. Nevertheless, wc can freeze one of the variables, say zq, and consider V°'{z, zq) 
as a field that depends only on z. This of course results in the appearance of a new 
marked point unless we use the marked point q that we already have from the cen- 
tral charge modifications (b ^ 0). The problem with the choice oi zq = q is that it 
leads to a divergence that has to be taken care of by some normalization procedure. 

In any case, for each 6, we construct a one-parameter family of Aut(Z?, (7)-invariant, 
primary fields V^{z) in the "holomorphic part" of theory. Below we explain 
the definition and properties of , and clarify some points related to the fact that 
theses fields are boundary differentials. 

• Boundary differentials. Let q G dD. According to the discussion in Lecture 3, we 

say that a field F = F[z) in Z? is a boundary differential with respect to q if it 
depends on the choice of a standard boundary chart (see Section 3.2) (j) at q, (in 
addition to local coordinates at z) and transforms as follows: 

(7.11) (F(^)||0) = (F(z)||0)(/^'(O))^^ 

where h is the transition map between charts ^ and satisfying (f){q) = (p{q) = 0. 
The exponent is called the dimension of F with respect to q. The following 
example of a boundary differential should help to clarify this concept. 



Example. Define a non-random field F = F{z) in D by the equation 

where : D — t- HI is a conformal map normalized in a standard boundary chart 
0) = 0) by the condition 

1 

Wct>{z) = H , z^q. 

Then F is a boundary differential of dimension a + P with respect to q (and a 
(/3, 0)-differential with respect to z). 



Proof. Clearly, lu,^ = kw^ for some A; > 0. We have 

/fc = hm = hm §4 = hm = ;,'(o), 

z-^q W-^{zj z^q (p^z) z-^q (f)[z) 
S0F= (/l'(0))"+^F. □ 



84 7. MULTIVALUED CONFORMAL FOCK SPACE FIELDS 

• Normalization. Let us first consider the case 6 = 0. Fix any point q e D and 
define 

V,"{z) = V-{z,q). 
In terms of a uniformizing map w : {D, q) i— )■ (H, 0) we iiave 



The derivative w'{q) requires a specification of a standard boundary chart at q, so 
V^{z) is a differential with respect to z and a boundary differential with respect to 
q; both dimensions are equal to —a^/2. If we fix a chart at q and require w'{q) = 1 
in this chart, then the formula simplifies: 



However, it somewhat hides the fact that we are dealing with a boundary dif- 
ferential. We obtain an even simpler expression in terms of a uniformization 
w : {D,q) ^ (H,oo): 

(7.12) K" = (u;')-°'/'e®"*W, 

where we require that w{Q ~ — 1/(C ~ as ^ — >■ in a fixed boundary chart at q. 
The formula (7.12) of course means that we have 

for all paths 7 connecting z and q. 

Let us now consider the case 6 7^ 0. As usual, q denotes the central charge modifi- 
cation point. By definition, 

where w : {D,q) (H, 00) is such that w{Q ~ — 1/(C — (?) as — >■ g in a fixed 
boundary chart (f) at q. Equivalently, 

(7.13) = TC(z;7) = lim w'iz.y^" ^"(7^), 

where the curve 7£ is the part of 7 from z^ to z, and the point z^ is at (spherical) 
distance e from q in the chart cf); = V^^ is the bi-vertex field. 

This last expression represents in terms of a rescaling procedure, and allows 
us to derive the properties of V" from those of bi-vertex fields. In particular, we 
obtain the following version of Ward's identities. 

• Ward's identities for rooted fields. 

Proposition 7.2. If v is a non-random vector field smooth up to the boundary, 
and ifv{q) = v'{q) = 0, then the Ward's identities 

(7.14) E/:„[lC(z)Xi(zi)---X„(zn)] = E[W{v)V^''{z)Xi{zi)---Xn{zn)] 
hold true provided that Xj G , and z and zj 's are in -Diioi(^). 

Proof. We will use the representation (7.13) and the fact that Ward's equation 
holds for bi-vertex fields. All we need is to show that 

lhnjC^{z,)[w\z,r''V''{^e)] = 0. 
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The field X{ze) = X{z,Ze;')e) = [w' {zey^'^V'^ {'je)] is a holomorphic differential in 
Ze, SO its Lie derivative has two terms, with v{ze) and v'{ze). At the same time 

E [X{z,)Xi{zi) ■ --Xnizn)] = 0(1), E [dX{z,)Xi{zi) ■ ■ ■ X^izn)] = 0(1) 

as £ — >■ 0. Since v{q) = v'{q) = 0, the Lie derivative at z^ tends to zero. □ 



Since the vector fields 



v,{0 = — (inM) 



have a triple zero at infinity, we can apply Ward's identities to such fields and 
derive, as in Section 4.7, the corresponding Ward's equations. In particular, we 

have the following 

Proposition 7.3. If X = Xi{zi) ■ ■ •X„(z„) with Xj G 7^(6), then the equation 

E(r*K")(z)x = EC(z)/:+x + E/:-[y°(^)x] 

holds in the {M.,oo) -uniformization. 

The equation obviously extends to the case when z is a boundary point. It is in 
this form that we will use Ward's equations in the SLE theory. 

• Level two degeneracy. In terms of the action of Virasoro generators L„, see Sec- 
tion 5.4, and current generators J^, see Section E.l, the rooted chiral vertex fields 
V^°- are Virasoro primary holomorphic fields of conformal dimension X = /2 — ab 
and current primary with charge q = a. As we explained in Appendix E this implies 
the following: 



Proposition 7.4. We have 

Tib) * = ^d^V:-, 

provided that 2a{a + b) = 1. 

This degeneracy equation is the reason for the close relation that exists between 
SLE and conformal field theory. 



APPENDIX F 



CFT and SLE numerology 



For convenience of the reader, we give here a summary of useful formulas concerning 
level two singular and degenerate vertex fields. We will also introduce an alternative 
parametrization which is used in the SLE theory. 

Recall that the conformal field theories J-'(5) generated by modifications of the 
Gaussian free field are parametrized by real numbers 6 G M. The central charge 
of is 

c=c{b) = 1 - 126^ 

Parameters b and b' = —b are called dual - they have the same central charge. 
Given b, there is a unique positive exponent 



VWT2 - b 

a = a{b) = 

satisfying the equation 

2a{a + b) = 1. 
The dual exponent a'{b) := a{b') is 

a' = — = a + b. 
2a 

The SLE parameter k = K{b) is defined by the equation 

2 b K ^ 

K = or - = - — 1. 

a? a 4 

The dual SLE parameter k' := K{b') satisfies 

kk' = 16. 

(Duplanticr conjectured in [DupOO] that SLE(k;') trace should describe the boundary 
of the hull of SLE(«;) when k > 4. Duality of variants of SLE was established by 
Zhan in [Zha08] and Dubedat in [Dub09a] independently.) 

The correspondence 5 -H- k is a bijection M -H- M_, see Figure F.l. In terms of k we 
have 

a = ^/2/k, b = - \/2/k, 

and 

„ 1 3 (AC -4)2 ^ /-7T (3/^-8)(6-/^) 



2k 



Let us restate the algebraic description of level two singular vectors in Proposi- 
tion 5.6. 
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Figure F.l. Graphs of a{b) and 



• Singular conformal dimensions. Define the singular conformal dimensions h = 
h{b) and h' = h'(h) as follows: 

_ 1 _ 6 - K h' — ^ 1 _ 3k - 8 

■~ ^ ~ 2 ~ 2k ' 8a2 ~ 2 ~ 16 ' 

Note that h'{b) = and h'{h') = h{b), so the unordered pair {h, h'} is the same 
for b and b', which means that it depends only on the central charge: 



{h, h'} = {-{5-c± V(l-c)(25-c))} 

(use h + h' = (5 — c)/8, and hh' = c/16). The traditional notation for {h,h'} is 
{^1,2, ^2, i}- Let us also denote 

Ik 4 

V = ??(^) := = v' = := rj(b') = --. 

Note 

c — 13 

(Fl) r) + ri' = —^, W = l, 

and 

(F2) n 



2(2/1 + 1)' 

We can now restate Proposition 5.6 as follows. 

Proposition F.l. A primary field O G of dimension A produces a level two 
singular vector if and only if X = h{b) or X = h'(b). The corresponding singular 
vector is [L-2 + r]L^i]0 or [L_2 + r]'L^i]0, respectively. 



Proof. From (5.7), we find 



9 c — 13 

V + 1 = o> 
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Table 1. Selected special cases 
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K 


2 


8 


8/3 


6 


3 


16/3 


4 




(LERW) 


(UST) 


(SAW?) 


(percolation) 


(Ising) 


(FK Ising) 


(GFF) 


b 


1 


1 


_V3 




1 


1 





9 
Z 


9 


D 


D 


V -^4 




a 


1 


1 




1 


^/2 


\/3 


1 




2 


2 




V3 


2^2 




h 


1 


1 

~8 


5 
8 





1 
2 


1 

16 


1 

4 


-V 


1 


2 


2 


3 


3 


4 


1 


2 




3 


2 


4 


3 





so by (Fl), ?7 = 77(6) or 77(6'). It follows from (5.7) and (F2) that 

A = : — 7— = h(b), or A = : — 7-7- = h(b'). 

2 Ar]{b) ^ ^' 2 4?7(6') ^ ' 



□ 



Let us apply this description to vertex fields in ^(6)- We will write O^'^^ for a vertex 
field with exponent ia, e.g., 

(We can equally consider non-chiral vertex fields V^^, bi- vertex chiral fields V'^"', or 
the fields V^"' which we define in the next lecture.) The conformal dimension of 
C'(^) is 

(F3) \=''l-ab. 

• We call a primary field (level two) degenerate if it produces a null singular vector. 

Proposition F.2. For each b, there are exactly 4 exponents a (except for the case 
b = 0, ±1/2 when some ofa's coincide) such that the vertex fields O^"'^ produce 
level two singular vectors: 

a = a, a = 2b — a, {X = h{b)), 

and 

a = —a — b, a = 3b + a, (A = h'{b)). 

The vertex fields O^"-^ and 0'^~"-~^^ are degenerate, but 0'^'^'^~°-^ and 0^"-~^^^^ are not 
(unless b = 0,±l/2). 
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Proof. The first statement follows from Proposition F.l and (F3). The second 

statement follows from Proposition E.2 and from the Wiener chaos decomposition 
of singular vectors (cf. the proof of Proposition 6.3) in the following expressions: 

6 



(L_2 + r7L2,)C»(2;'-«) 
(L_2 + r/'L^ JcXsfe+a) 



2 

4(k - 2) 



A 



(6) + 



-A 



(0) 



^(6) + 



8-3k 



A 



K 



(0) 



Q0(26-a). 

Qi'ih+a) ^ 



where tIj-q^ and are holomorphic quadratic differentials from the definition of 
the stress tensor of J^(o) J^(5) theories, see the beginning of Lecture 6. □ 

The simplest example of a non-trivial singular vector is the Virasoro field T in the 
case c = (i.e., k = 8/3 or 6). In this case T is primary and, as a level two singular 
vector T corresponds to 0^'^^'^\ In the case 6 = 0, the differential J appears as a 
level one current-singular vector. 

Remark. Primary fields are of particular importance from the physical point of 
view. Non-degenerate singular vectors are examples of non-vertex primary fields. 



LECTURE 8 



Connection to SLE theory 



In this lecture we discuss SLE theory from the point of view of conformal field 
theory. Chordal Schramm-Loewner evolution (SLE) equation in {D,p,q) describes 
conformally invariant random curves from p to g satisfying the so-called domain 
"Markov property." The corresponding probability laws are parametrized by a single 
parameter k > 0. We will establish the following fact and explain some of its 
consequences: if the numbers a and b are related to k as 

a=^/2/K, 6 = - 1) = vWS- \/27« 

(see Appendix F), then under the insertion of a boundary vertex V^"'{p), all fields 
in the theory satisfy the field "Markov property" with respect to the SLE 
filtration. 

In Section 8.1 we recall some basic definitions and facts of SLE theory. In Sec- 
tions 8.2 - 8.3 we interpret the insertion of V^"'{p) as a "boundary condition chang- 
ing operator" and derive Cardy-type equations for correlation functions under this 
insertion. In Section 8.4 we prove the field "Markov property": all correlation 
functions 

B[V:-ip)X,iz,)---Xn{Zn)] ,^ ^-p . 

WHp)] ' ^ ' ^'^^ 

are SLE martingale-observables. In the last section we consider several example 
of SLE observables. Further examples, related to vertex fields are discussed in the 
next lecture. 



8.1. Chordal SLE 

• Let {D,p,q) be a simply connected domain with two marked boundary points 
and «; be a positive parameter. The chordal Schramm-Loewner evolution with 
parameter k, SLE(k), is a conformally invariant law on random curves in D from p 
to q. It is described by the Loewncr equation driven by the standard one-dimensional 
Brownian motion More precisely, for each z & D, let gt{z) be the solution 
(which exists up to a time G (0, oo]) of the equation 

2 

dtgtiz) = —r-. Bo = 0, 

gt{Z) - y/KBt 

where go ■ {D,p,q) — > (EI,0, oo) is a given conformal map. Then it is known that 
for all t, 

wt{z) := gt{z) - y/~KBt 
is a well-defined conformal map from the domain 

(8.1) Dt:={zeD ■.T,> t] 
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onto the upper half-plane H, where the SLE stopping time Tz satisfies 

(8.2) Ilia wt{z) =Q. 

The SLE curve 7 is defined by the equation 

(8.3) 7t = 7(t) := \im gr\z + ^/^Bt)■, 

z—^O 

the limit exists for all t almost surely. Also almost surely, the SLE curve is a 

continuous path 7 : [0, 00) — t- D (assuming local connectivity of dD) such that Dt 
is the unbounded component of D \ 'y[0,t] for all t > 0. The SLE path 7 is simple 
for K e [0,4]; self-intersecting but non-self-crossing for k G (4,8); and space-filling 
for K > 8. For the proof of these facts and other basic properties of SLE, see [RS05], 
and also [Law05], [Law09], [Wer04], [Wer09]. Beffara proved that the Hausdorff 
dimension of SLE(«;) trace is almost surely min(l + k/8,2), see [Bef08]. 




K<4 4<K<8 



Figure 8.1. The phases of SLE; from [Kan07] 



• Domain "Markov property". If k = 0, the (non-random) curve 7 is just the 
hyperbolic geodesic from p to q in D. It satisfies the equation 

7[t,oo) = 7£),,^„g[0,oo). 

If At > 0, then the same equation holds for the laws on random curves, which is 
a direct consequence of the SLE construction. Alternatively, one can express this 
property by the equation 

(8.4) Law (7[i,oo) I 7[0,i]) = Law 70^, 7^,9 [0, 00). 

(One should understand this and similar statements in the sense of conditional 

expectations with respect to the filtration by the Brownian motion in the definition 
of SLE.) Schramm's principle states that SLE(k) are the only conformally invariant 
laws on non-self-crossing curves satisfying (8.4). 

• Field "Markov property". Again we first look at the "classical" case k = 0. Con- 
sider the (non-random) field 

f{z) = fD,p,g{z) = avgi;'{z), V : {D,p,q) ^ (C\M+,0,oo). 
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(Note that this field is a pre-pre-Schwarzian form.) Since M_ is the hyperbohc 
geodesic in C \ M+, it is clear that the field / has the ("Markov") property 

flot ~ ft = fDtat,q- 

Moreover, many other fields, e.g., , df, etc., will have the same property with 

respect to SLE(O). 

In the case k > 0, we want to define a similar property of a collection J- = {Fj} of 
random conformal Fock space fields: 

(8.5) Law (J^|7[0,t]) = Law J^t, Tf := TDt,'yt,g- 

(Here we assume invariancc of J-" with respect to Aut(D,p, q), and define the fields 
Ft as explained in Section 3.3.) On the level of correlation functions, the equation 

(8.5) should mean 

(8.6) "E [Fi(zi) • • • Fnizn) I 7[0, t] ] " = E [Fu(zi) • • • F„t(z„)] , 

but in order to interpret the left-hand side we need to have both random fields and 

SLE curves be defined on the same probability space. One way to proceed is to 
couple SLE(k) and the Gaussian free field, sec [SSIO] and [Dub09b], but instead of 
going into the analytic details of such a coupling we just note that if this coupling 
is defined properly, then the processes 

(8.7) ftizi, ■■■ ,Zn) = B [Fu{zi) ■ ■ ■ Fr,t{Zn)] 

are local SLE martingales, and take this last property as a definition. 

• Martingale-observables. A stochastic process Mj is called a martingale with respect 
to a filtration At (an increasing family of cr-algebras, e.g., the cr-algebras generated 
by the Brownian motion up to time t) if Mt is .Aj-measurable for all t, E \ Mt\ < oo 
for all t and if 

E [Mt I As] = Ms for all t>s. 

For an random variable M, the process Mt = E[M | At] is a martingale. Thus 
if -^1(2:1) • • • Fn{zn) in (8.6) could be replaced by an random variable, then the 
processes (8.7) would be martingales. 

We refer to any textbook on stochastic calculus, e.g., [RY99] for the definition of 
local martingales. In particular, for a smooth function h, the stochastic integral 

/* h{Bs) dBs 
Jo 

is a local martingale. In this respect, recall Ito's formula. 
Ito's formula. /// is in C^, then almost surely 

(8.8) f{t,Bt)-f{0,Bo)= f f{s,Bs)dBs+ f f{s,Bs)ds+ \ f f"{s,Bs)ds. 

Jo Jo ^ Jo 

So j{Bt) is a local martingale if and only if the drift term vanishes. 

By definition, a collection T of fields has the "Markov property" with respect to 
SLE(k) if for all Fj G T and all z.j € .D, the processes (8.7) are local martingales. 
We say that the non-random fields /(^i, • • • , Zn) = E [Fi{zi) ■ ■ ■ Fn{zn)] are SLE(k) 
martingale-observables. 
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It is easy to verify by Ito's calculus that any particular correlation function is a 

martingale-observable, but our goal is to describe a large collection of SLE ob- 
servables by means of conformal field theory (Ward's and level two degeneracy 
equations) . 

8.2. Boundary condition changing operators 

We use this term for the correspondence X ^ X resulting from the insertion of a 
chiral bi-vertex field with endpoints on the boundary. This operation changes the 
boundary values of Fock space fields. The term is borrowed from physics, sec e.g., 
[Car05], and in many (but not all) cases we have a good match with the physical 
formulas (as we understand them). 

• Let us recall the set-up: 

- (D, g) is a simply connected domain D with a marked boundary point q G dD\ 

- 6 € M is a fixed parameter and Tq,-^ = J-^p-^{D,q) is the OPE family of 
the bosonic field ^(6), see Section 6.1; the notation for the standard fields 

J, T, y*^, etc. refers to the family in ; 

- the vertex field V^" with a > 0, 2a(a + 6) = 1, rooted at the modification point 

is a holomorphic differential of dimension 

(8.9) h:= — - ah, 

with respect to z and a boundary differential with respect to g, see Section 7.3; 

- we normalize this field in a fixed boundary chart at q\ 

- the vertex field V^"- produces a degenerate singular vector: 

see Section 7.3. 

Let now p G dD, p q, and denote by r the arc of dD from q to p oriented in 
the counterclockwise direction. We use r to define the value V^"'{p) = V^"'{p;r). In 
the half-plane uniformization consistent with the fixed boundary chart at g = oo, 
p = ^ EM., we have 

F-(^) = e®'"*(o)M, 
where r is the half- line (— oo,^). 

• The insertion of V^*"(p) is an operator 

X ^ X 

on Fock space functionals/fields. By definition, this correspondence is given by the 

formula 

(8.10) $ = <^ + 2iaG+{p,z) 
and the rules 

(8.11) dX^dX, BX^dX, X oy ^ X oy. 
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If w : {D,p, q) (H, 0, oo) is a conformal map, then 

2iaG~^{p, z) = 2a aig w{z). 

Notation. We denote by J^q,^ the image of J^q,-j under this correspondence. 

Fields in J^(5) arc Aut(D,p, (7)-invariant because argw is Aut(-D,p, g)-invariant and 
fields in J^^^-j are invariant with respect to Aut(D, ^). 

Denote 

see Section A. 3 for the motivation of this notation. As in Section A.3, we prove by 
induction the following: 

Proposition 8.1. Let X G correspond to the string X G under the map 
given by (8.10) and (8.11). Then 

(8.12) %[X] = E[X]. 

• Examples: 

(a) The current J is a pre-Schwarzian form of order ib, 

^ ■ w' ^ . w' w" 

J = J — la — = J(Q) — la h lb — -. 

w ^ ' w w' 

In the (H, 0, oo)-uniformization, j{z) := 'EJ{z) = ; 

(b) The Virasoro field T is a Schwarzian form of order c/12, 

^ 1 ^ ^ ^ w' / vJ 

T = --J * J + ibdJ = T + ia—J(n) + h( — 
2 w ^ ^ \w 

c / w' \ 2 

= ^(0) - jJ{0) + ^^^-^(0) + Y^Sw + h{^—) , 

where h = a^/2 — ab is the conformal dimension of V^"', see (8.9). In the 
(H, 0, oo)-uniformization, EiT{z) = h—^; 

(c) The non-chiral vertex field V" is a differential of conformal dimensions (—0:^/2+ 
iab, —c? 12 — ia6), 

(8 13) V*^ g2aacirgt«-j^a g2aaargtu— 2a6cirg«;'^a^g0a$(Q) 

In the (H, 0, oo)-uniformization, EV" = (2y)"'e2""^'^S2; 

(d) The bi-vertex field V"{z, zq) is a —0^/2 it iaft-differential in both variables, 

_ / w'iz)w'izo) / W'jz) / Qa^lo^{z,zo) 

^''''>-[{w{z)-wizo)rJ \w'{zo)J \w{zo)J 
In the (H,0, oo)-uniformization, BV"{z, zq) = {z - zo)"'-2"'""4""- 
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8.3. Cardy's equations 

In this section we will derive equations for correlation functions of fields in T{f,y 
These equations are similar to those in Proposition 6.4. As usual, we will state 
them in the case {D,q) = (H, oo). 

For ^ G M and the tensor product 

X = Xi{zi)---Xr,{Zn), 

of fields Xj G T(^h) i^j € H), we denote 

E^X = E[e®'"*TO(^)x], 

so EX = E^Xj^^g. 

Proposition 8.2. If2a{a + b) = 1, then in the identity chart o/H, we have 

(8.14) i^l^^^ = ^d^n^ ^d^) ■■= 

where = d + d is the operator of differentiation with respect to the real variable 
Proof. Denote 

R^ = R^{zi,--- ,Zn) = B^X. 
Since does not depend on the boundary chart (at oo) in which we normalize V^^, 
we can assume V^*"(^) = e®*"*(o)'^^, where r is the half-line (— oo,^), and therefore 

R^ = -E [vrm] . 

Denote 

R, = Riz: zi, • • • , Zn) = E [Vr{z)X] , z G M, 

where for z close to ^ we use a path from oo to z close to r so that R^ = lim^^^ Rz. 
By the level two degeneracy equation (Proposition 7.4), we have 

^d' [v:%z)X]=B[{T*Vn{z)X]. 

Applying Ward's equation (Proposition 7.3) to the right-hand side (we can apply 
this because T = A = r(o) + ibdJ^Q^ satisfies the conditions in Proposition 4.11), 
we conclude 

^d'B [v:^{z)X] = E [v:%z)CtX] + E [/:- {vr{z)X)] 

= E [vr{z)ji:lx] + E [v:-{z)ji:-x] , 

where we use Leibniz's rule and the fact that jC.~V^°'{z) = (because V^"' is a 
holomorphic differential) . 

Let us now take the limit z — t- . Since = d + d and the field V^"" is holomorphic, 
the 5^-derivative in the left-hand side converges to d^R^. On the other hand, since 
^ = ^, the right-hand side converges to 

B[vrmv,X]=E^[C,^X]. 

□ 



Corollary. 

(8.15) 



8.3. CARDY'S EQUATIONS 

HYl + ^i)^ ~ 2a%jEX = 0. 
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Proof. We will write R for R^=o- By translation invariance, 

= R{zi ,Zn-C) 

and therefore 

^d^=o^« = - E - E = - E 

□ 

We will refer to equations (8.15) as Cardy's equations, cf. [Car84]; they are Cardy's 
boundary version of BPZ-type equations in Proposition 6.4. 

Examples, (a) If Xj's are differentials of conformal dimensions (Aj, A*j) (e.g., Xj^s 
are vertex fields), then the Lie derivative C^^ acts on EX as a differential operator 

£».e^=i:(-| + ?-| + if)^^' 

V Zj Zj Zj / 

see (3.8), and Cardy's equation (8.15) is a linear 2nd order PDE: 

J J 

(b) The 1-point function R{z) = 'EiT{z) is a Schwarzian form of order c/12, see 
Section 8.2. Recall that 

CyX = {vd + 2v')X + nv'" 
for a Schwarzian form X of order /x, see (3.10). Thus 

n jy ( ^ 2n c/2 

and Cardy's equation (8.15) is 

d'^R = 2a^L^^R. 
Since R{z) = h/z^, we have the identity 

6h = 2a^{Ah+^). 

One can directly check this identity from h = a? /2 — ab, c = 1 — 126^, and 2a(a+6) = 
1. 

(c) The last example can be generalized to the n-point function of T, 

R{zi--- ,z„) = E[f(zi)---T(z„)||idH]. 

Denote z = (-Zi,-- - ,Zn)-, Zj = (-Zi,--- ,Zj-- - ,Zn)- By (3.10) and Leibniz's rule 
(Proposition 3.6), we have 
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Cardy's equation (8.15) gives us the following recursive formula: 

(8.16) i(E^.f ^(^) - E ( - 1 + 1)«(^) + 5 E 

j=l J 3 j=l 3 

See [FW02] for this equation in the case c = 0. 

8.4. SLE martingale-observables 

• We defined martingale-observables in Section 8.1. Let us discuss this definition 
in more detail. Suppose M is a non-random field of n variables in the half-plane, 

and suppose that M is invariant with respect to Aut(]HI, 0, oo). As we explained in 
Section 3.3, conformal invariance allows us to define M for any triple {D,p, q) : 

(MD,p,g||id) = {M\\w^^), 

where w is a conformal map from {D,p, q) to (H, 0, oo), so we can think of M as a 
function or as a collection {Mij^p^q} of fields. 

Consider now choral SLE curve 7 in D from p to g so we have a family of domains 
{Dt,jt,g) with marked boundary points, see (8.1) and (8.3). A non-random field 
M is a martingale-observable if for any zi, • • • , 2;„ G -D, the process 

(8-17) Mt{zi, ■■■ ,Zn)= MDt,jt,q{zi, ■■■ , Zn) 

(stopped when any Zj ^ Dt) is a local martingale (on SLE probability space). It is 
important that we compute Mt{zi, • • • , z„) in (8.17) in local coordinates chart that 
do not change with t. For instance we can use the identity chart of D, and then for 
(A, 0)-differentials, we have 

Mt{z) = {w't{z))^M{wt{z)). 

Similarly, if M is a Schwarzian form of order jj,, then 

Mt{z) = {wi{z)fM{wt{z)) + tiS^,{z). 

To verify the local martingale condition, it is enough to check that the stochastic 
differential dMt has no drift (i.e., no dt-teiia). 

Example. The simplest example of an SLE martingale-observable is the 1-point 
function of the bosonic field in the case k = 4, 

M{z) = E[$(o)(^)] = V2&Tgw{z). 

We have 

1 K 1 

dargwt(z) = —^/Klm. — dBt -|- (2 — — )lm— ^ dt, 
wt 2' wf 

so the drift disappears if k = 4. 

• Special cases of the following statement appeared in [BB03] and [RBGW07]. 
Proposition 8.3. If Xj G J^[b)j then the non-random fields 

M{zi, ■■■ ,Zn)= E[Xi(zi) • • • Xn{Zn)] 

are martingale-observables for SLE(k). 
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Proof. Let gt be the SLE conformal maps, gti^t) = ^t, and = \f^Bt. Denote 

R^{zi, ■■■ ,Zn)^ %[Xl{zi) ■ ■ ■ Xn{Zn)] = E[e®'"*m(^)Xi(zi) • • • Xn{Zn)]. 

Then 

Mt = m{it,t), m{^,t) = {R^\\gt^). 
Note that the function m(^, t) is smooth in both variables. By Ito's formula we 
have 



dMt = m(^, t) d^t + x^f m(^, t) dt + Lt dt, 



where 



Lt :=- 

ds 



d 



s=0^ ds 



s=0 



The time-dependent flow fs,t = gt+s ° 9t^ satisfies 



or 

fs,t = id - 2si;^j + o(s) (as s 0), 
where ^'^(-z) = — z). Since the fields in depend smoothly on local charts, 
it follows from (3.7) that 

Lt = {CvR^t II ^r^)' 

where v = —^v^^. By Ward's equation (8.14), we get 

Lt = -2{C.,R^, II g^') = -^{dl\^^^R^ \\ g^'). 

Thus the drift term of dMt vanishes. □ 

Remark. If we insert the degenerate vertex field (p)'^^'' (^^^ Proposition F.2) 
instead of y^'^t^y then we get martingale-observables for the dual SLE theory, i.e., 
SLE(k'), 16). 

8.5. Examples 

• Example 1 (Schramm-ShefReld's observables) The 1-point functions of the 

bosonic fields 

(p{z) = F,[^£),p.q{z)] = 2aaiTgw{z) — 2bd.rgw'{z), w : {D,p,q) — ^ (]HI,0,cx)), 

were introduced as SLE martingale-observables by Schramm and Sheffield, see 
[SSIO]. By Ito's calculus, 

^t{z) = B[^Dt,-tt,q{z)] = 2aargwt{z) - 2baTgw^{z) 

= 2aarg'u;(z) — 26arg'u;'(z) — 2V2 / Im — -— dBs- 

Jo Ws[z) 

The fact that the 2-point functions 

E[$(zi)^>(z2)] = 2G{zu Z2) + $iziMz2) 

are martingale-observables is essentially equivalent to the following special case of 
Hadamard's variation formula 

(8.18) dGDt{zi,Z2) = -4Im — ^Im — ^ dt = d(^(zi), ^(^2))*. 

Wt[Zl) Wt{Z2) I 
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Schramm and Sheffield used (8.18) to construct a coupling of SLE and the Gaussian 
free field such that ^ ^ 

H^D,p,q\l[0,t]] = $Di,7t,g- 

Let us outline the main idea and explain how Schramm-Sheffield's coupling is related 
to the fact that all n-point functions 

M{zi,--- =E[$(zi)---$(z„)] 

are martingale-observables. For simplicity, we consider the case k < 4 (then SLE 
curves are Jordan, and for all z e D, z e Dt almost surely). For a fixed t, we define 
a random field in D as follows. Let GFF(Dj) denote the Gaussian free field in 
Dt independent of SLE (e.g., consider the pull back of GFF(BI) by some conformal 
map from Dt to H) and set 

*t = ^t + GFF(A). 

It is in fact easy to define ^t as a distributional field in D, so that the probability 
space of *t is the product of probability spaces of SLE and GFF. 

Claim. For all t, the correlation functions of ^t o-i~^ identical to those of 

Proof. We first show that 

E[%{zi) ■ ■ ■ *t(Zn)] = Egj^^ Mtizi, ■■■ ,Zn) 

by applying Wick's calculus to the GFF component of E = Eg^^ (g) E^^p. Then 
we verify that Mf is a global martingale (this requires some simple estimates from 
complex analysis and stochastic calculus). It follows that 

Egj^^ Mtizi, ■■■ ,Zn)= Mo{zi, ■■■ ,Zn) = E[$(zi) • • • $(z„)]. 

□ 

See [SSIO] for the version of this statement in the case 4 < k < 8, and for the 
limiting case t = oo. A more subtle question of uniqueness of SLE/GFF coupling 
was settled by Dubedat [Dub09b]. 

• Example 2 (Friedrich- Werner's formula) Let us apply Ward's equations to 
the function 

E [ f (zi) • • • f{zn) II idH ] = E [ vr{0)T{zi) • • • T{zn) II ide ] 

by replacing one of T^zjYs in the right-hand side by the corresponding Lie deriva- 
tives, see Propositions 4.9 and 4.11. (As usual, idn is the identity chart in the upper 
half-plane H.) Denote z = (zi, • • • , Zn), zj = {zi, ■ ■ ■ ,Zj--- , Zn), and 

R{^;z) = -E[vr{OT{zi)---T{zn)]; 
this non-random field is a boundary differential in ^. Then we have 
(8.19) Ri^;z,z)= Ri^;z), (in idn) , 

where Vz{C) = ^/{z — Q-I'd. particular, at ^ = 0, setting R{z, z) = R{0; z, z), we get 
a recursive formula 

R(.,.) = * + E (( - ; + ^)^. + l^h^^ + 1 E 

j=l ■> ■>' j=l J 

In the case k = 8/3, (c = 0, = 5/8) and Zj = Xj G M, this equation coincides with 
Friedrich- Werner's formula ([FW03]) for the function 
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^ ^.^ P(SLE(8/3) hits all [xj,Xj + ieV2]) 

(Also, the equation (8.16) coincides with their "dynamical" formula in [FW02].) 
Since B = R = 1 for n = 0, we conclude that 

B{xi, ■■■ ,Xn) = E [f (xi) • ■■f{xn) II idn]. 

One can in fact interpret the argument in [FW03] in terms of Lie derivatives and 
directly relate it to the equation (8.19). 

We will use the restriction property of SLE(8/3); see [LSW03] or Example 3 below: 

- the law of SLE(8/3) in H conditioned to avoid a fixed hull K is identical to 
the law of SLE(8/3) in M \ K; 

- equivalently, there exists A such that for all K, 

P(SLE(8/3) avoids K) = [*'k(0)]^> 

where '^k is the conformal map (H\if, 0, oo) (H, 0, oo) satisfying ^'^(oo) = 
1. (The restriction exponent A of SLE(8/3) is equal to 5/8.) 

Define the non-random field A{^, xi, • • • , x„) of n + 1 variables as follows: 

- A is a boundary differential of conformal dimension A with respect to ^ and of 
conformal dimension 2 with respect to Xj; 

- xi,--- ,Xn)\\ idn) = B{xi - • • • ,x„-0- 
Claim. 

A{0;x,x) =£^^A{0;x). 
(So B and R satisfy the same recursive equation and are therefore equal.) 

Proof of Claim. Denote x = {xi,--- ,x„). We write P{x) for the probability 
that SLE(8/3) path hits all segments [xj,Xj + ieV2] and P(a;|-ix) for the same 
probability conditioned on the event that the path avoids [x,x + ieV2]. By con- 
struction, 

(8.20) P(X, X) ^ £2(n+l)^(Q. 

On the other hand, by the restriction property of SLE(8/3), we have 

(8.21) P(x, x) = P{x) - P{x I ^x){l - P{x)) 

£^"(^(0; x) - V(0)^*'(xi)2 . . . ^'{xnfAi^iO); *(xi), ■ ■ ■ , *(a;„))), 

where 

^'(z) = a/(2^^x)2T2£2 + X. 

It follows from (8.20) and (8.21) that 

A{0; X, x) = ^{A{0; x) - *'(0)^*'(xi)2 • • • V(x„)2^(*(0); *(xi), • • • , *(x„))) 

CyA{0; x), 

where v is the vector field of flow "^tiz) = ^/ (z — x)'^ — 2t + x. Clearly, v = Vx- □ 
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• Example 3 (Lawler-Schramm- Werner's restriction formula) Restriction 
property of SLE(8/3) follows, by optional stopping theorem, from the fact that for 
each compact hull 

Mt = (EK'"(7i;A\i^)||5t) 

is a local martingale. This is a special case of Lawler-Schramm- Werner's formula 



(8.22) the drift term of dMt = -ShMtWt dt, (^t = ^/^Bt), 

which holds for all k < 4. On the event 7[O,oo)nK = 0,a conformal map ht :^t = 
gt{Dt \ K) ^ M is defined by 

where 'gt is a Loewner map from Dt = D \ 7[0, t] onto H, 7(t) = ° 7(^)5 and 
"i^K is the conformal map (H \ iiT, 0, 00) (H, 0, 00) satisfying ^''^(oo) = 1. Let 
= ht{^t)- Then ht satisfies 



(8.23) 

see e.g., [LSW03]. 



htiz) 



ht{z) - 6 ^ - ^* ' 



lit) 



Dt\K 



K 



at 



9t 



nt 



St(K) 



Figure 8.2. The conformal maps, ^K,gt,gt, and ht 

We now explain why the central charge and the Schwarzian derivative appear in 
the formula (8.22). To prove this formula, denote 

F{z,t) := (BVn,{z)\\id). 
Then F{z,t) = (EVm \\ ht^){z) and 

Mt = Fi^t,t) = (EVn,i^t)\\id). 
The function F is smooth in both variables, so by Ito's formula, 
the drift term of dMt = F{Ct, t) dt + ^^"(6, t) dt. 
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For the first term of the right-hand side, we represent F in terms of the Lie deriva- 
tives: 



F{z,t) = 



ds 



s=0 



(EyH||V+J(^) 



d_ 
ds 



= {^C^Vm\\K^){z) 
where fs,t = ht+s °h~[^ and 



{v II idn) 



ds 



It follows from (8.23) that 



s=0 



1 



fs,t = htoh^ ^ 



{v II idH)(c) = -2/i;(6)'^- + 2^;(v'(C)) 



By Proposition 4.12 we have 

F{z,t) = -2h[{^tfh[{z)\EAn{l)VM{ht{z)) || idn) + 2(E£,,^yf,, ||idn,)W, 
where A is the conformal dimension of V. It follows from conformal invariance that 

F{z,t) = -2{EAn,{Ct) Vn,{z) \\ id) + 2{EC,^Vn, \\ id)(z). 
Let us now apply Proposition 4.3 to the right-hand side of the above equation: 
F{^t,t) = lim F{z,t) = -2(EAn, * Fo.fe) II id). 

At the same time, we have 

f = II id) = 2{BTn, * Vn,{Ct) \\ id). 



LECTURE 9 



Vertex observables 



In this last lecture we will look at some examples of "primary" SLE observables, 
i.e., observables that have a covariant dependence on local coordinates. This is 
the type of dependence that appears as a result of rescaling or normalization of 
probabilities and expectations, in particular in lattice models. As we explained in 
the previous lecture, correlators of primary fields in J^^j) -theories are examples of 
such observables. In this lecture we will expand our collection of primary fields 
by considering normalized tensor products of chiral vertex fields and their conju- 
gates. Further "primary" observables can be obtained from singular vectors and, 
in some cases, by such operations as differentiation, integration, and "screening." 
By Ito's calculus, "primary" SLE observables are solutions to 2nd order linear dif- 
ferential equations, which in general are not easy to solve. The knowledge of a 
large collection of (multi-point) primary fields allows us, in some cases, to identify 
particular solutions by calculus of conformal dimensions. This is somewhat related 
to "Coulomb gas" methods in the physical literature. 



9.1. Holomorphic 1-point vertex fields 

• Definition. We want to construct holomorphic single variable differentials in J^(b)- 
theory. Chiral vertex fields rooted at q, the central charge modification point, 
considered under the boundary condition changing operation (see Section 8.2) seem 
to be natural candidates. The problem with this construction is the divergence at 
q so, as in Section 7.3, where we defined rooted vertex fields, we will use a certain 
normalization procedure. (We will use it again to define correlators and, more 
generally, tensor product of such fields in the next section.) 

The idea is to start with a (well-defined) chiral 6j-vertex field, 

(9.1) V'''{z,zo) = w''''iwY'/^-''''wo'"'{w'or'^^+''\w - wo)-"' e®'^*w(^'^°), 

see the last example in Section 8.2 and normalize it so that the limit exists as 
zo — >■ q. We denote this limit by V^^{z). Then it satisfies the equations of ^(b)' 
theory, in particular Cardy's equations. It turns out that by simply ignoring all 
terms in (9.1) involving the point zq, we arrive to the following correct definition: 

where A = cr^/2 — ab. More accurately, the expression for O(^) can be described 
as a limit similar to the formula (7.13) in Section 7.3. The vertex fields O^"") are 
invariant with respect to Aut{D,p,q). 

Proposition 9.1. The 1-point function M = EO^"") is an SLE martingale-observable. 
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It is of course very easy to verify this statement by Ito's calculus but the point is 

that we can get it as a limit of Cardy's equations for bi-vcrtcx fields. Indeed, let 
Rt{z,ZQ) denote the 1-point function martingale of the bi-vertex field. We have 

Rt{z,zo) = Mt{z)Et{z,zo), 

where 

Et{z,zo) = wt{zor{w[{zo)f{Mz)-Mzo)V 
with appropriate exponents. Since Rt is a local martingale, the drift of Mt is equal 
to that of 

..dEt dEt 
-Mt—^ - dMt ■ — ^. 

-C/t -C/t 

It is trivial to see that 

dEt ^ , 
— ^ (zo ^ g), 
Et 

for any combination of the exponents, and this proves the statement. (We will refer 
to this argument again in the next section.) 

• Conformal dimensions. The normalization procedure in the definition of O^'^^ 
produces covariance with respect to q. 

Proposition 9.2. The 1-point function M = EO^'^^ = tt>'^"(ttj')^ is an Aut{D,p,q)- 
invariant holomorphic X- differential with respect to z and a boundary Xg- differential 
with respect to q, where 



A = ^ — ab, Aq = A + aa. 



Every martingale-observable with the stated properties is the expectation of some 
vertex field O^. 

Proof. See Example in Section 7.3 for the value of Xg. The last part, first men- 
tioned in Smirnov, see [Smi06], follows from Ito's formula. Let Mt = f{wt){w[)^ . 
Driftlessness of Mt reduces to Cauchy-Euler equation in (H, 0,oo). Thus M{z) = 
Ciz"^ + 6*2^"^ or Ciz°' + 6*2^" \ogz in the (H, 0, oo)-uniformization. We can take 
C2 = because M is a boundary differential at q. □ 

Note that 

(a) A = if and only if cr = 26 (or cr = 0) ; 

(b) A = 1 if and only if cr = —2a or cr = - = 2(a + 6); 

(c) Aq = if and only if cr = 2(5 — a) (or cr = 0). 
• Special cases. Suppose cr 7^ 0. 

(a) If A = (i.e., M is a scalar), then 

M = w^, l3 = Xg = l- 4/k, {k / 4) 

(a conformal map onto a wedge). These "wedge" observablcs are some of the 
simplest (and well-known) SLE martingale-observables. For example, if k = 2, 
then the observable 

(9.2) -^°« = iCj^ 
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plays an important role in the theory of loop-erased random walks (LERWs) , see 
[LSW04]. Here P is the Poisson kernel, and NqP{-,p) is its normal derivative at q. 

Remark. For k > 4, the wedge observables M have the following probabilistic 
interpretation. Let % denote a point on dD at distance e from q (in a local chart 
(j)). Then 

lim 7 "^"-^ = const Im (M^'^^\z) 11 <^), 
where const is the normalization constant, and also 

£-5>o eP 

is a linear combination of real and imaginary parts of {M^'^^\z) \\ (j)). These facts 
follow from Cardy's formula (9.10) which we discuss later in this lecture; and 
are the SLE stopping times (8.2). In particular, it is clear from this interpretation 
why wedge observables are scalars with respect to z and have non-trivial conformal 
dimensions with respect to q. 

(b) If = 0, then 

M = (w'/w)^ = {f')\ X = 8/k-1, 

where / = log w is a map onto the strip. Smirnov used this observable with k = 16/3 
in his study of the random cluster version of the Ising model, see [SmilO]. 

Remark. If k G (4,8), then the boundary values of this M have the following 

interpretation (another special case of Cardy's formula, see Proposition 9.8). For 
T] G dD \ {p,q} let F{r],e) denote the probability that the SLE curve hits the 
boundary interval with endpoint rj of length e, where £ 1 is measured in a local 
chart (f). Then 

lim ^^M) = const (M(2^'-2a)(^) || 0), 

where const is the normalization constant which depends on {D,p, q) and k. Clearly, 
if the limit exists and is non-trivial, then it gives a boundary martingale-observable 
of conformal dimensions A at 77 and zero at q. On the other hand, M^'^^^'^"'^ is the 
only observable with these properties. This argument certainly does not prove the 
existence of the limit but it provides a quick "physical" answer. (See the formula 
(9.8) involving Beffara's observables for a similar statement at interior points.) 

(c) If A -I- Aq = 0, then a = 2b — a and 

M = {w'/w')^ = {f')\ X = 3/k-1/2, 

where / = —1/w is a map onto the half-plane. In the case k = 2, this observable 
M is the derivative of the LERW observable (9.2). In the case k = 3, M plays 
a crucial role in Smirnov's work on spin Ising model, see [CS09]. In both cases, 
one can explain the relation A -|- Ag = from the point of view of discrete models 
- it comes from the rescaling of the corresponding partition functions. Smirnov 
suggested that the two series (b) and (c) of SLE observables describe the general 
random cluster and 0{N) models, respectively. 
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9.2. Normalized tensor products 

• Definition. To define the product of 0^'^'^\zi) and 0^'^'^\z2), zi / Z2, we again 
need normalization because E[<I>|q^(zi, g)<I>|Q^(2;2, diverges. Applying the same 
idea as in Section 9.1 (normalizing the product of bi- vertex fields properly and then 
taking a limit), we define 

(9.3) O^^^^Zl) * 0(^2)(Z2) = MiM2{wi - i(;2)^l<^2gO^<^l*fo)(^l)+^<^2*+)(^2)^ 

where Mj = Bp^"^^] = w^" {w'^YV'^'^i^ and Wj = wizj),w'j = w'izj). Again, a 
simple way to express this definition is to say that we ignore all q'-terms in the 
cross-ratio (7.7) when we compute the expectation of Wick's exponentials. The 
term {wi — ^2)'^^'^^ appears from the following computation: if ai,a2 are two 
non-intersecting paths connecting from q to zi,Z2, respectively, then ignoring the 
g'-terms, we have 



E[*fo)(^i)*S)(^2)]= / / E[J(o)(C)J(o)(r?)]dCcir? 



L 



1 



2C-V 



dr] = - \og{zi - Z2), (in H). 

C=9 



Note the monodromy in the expectation of the tensor product. There is no difficulty 
in extending the concept of martingale-observable to multivalued functions - each 
continuous branch should be a martingale-observable. 



In a similar way, we can use E[<I>^^(2;i)<l>^^(z2)] = log(z2 — zi) to define 



(9.4) C»('^^)(2i) *C»(<^2)(^2) = MiM2{wi - ^(;2)<^l^2g0^<^l*(o)(-l)+^<^2*(o)(^2)_ 

• General 1-point vertex fields. This last definition (9.4) can be extended to the 
case z = zi = Z2, cf. (2.9), so if we denote 



C»(^''^*)(z) = 0("i)(z),^0(-*)(z), 

then we have 

0(-'-*){z) = {w- wf'^* w'^'^ w;'^*" {w'f (^)^* e®'''*(o)-'''**m, 

where 

X = — - ab, X* = — - a^b 
(the conformal dimensions with respect to z). 

• Special cases. Up to constant factors, we have the following relations: 
(a) The non-rooted bi-vertex chiral field of J^(b)-theory, 

0^''\zi)i.0^--\z2) = V"'{ZI,Z2). 

This can be shown by direct substitution ai = a,a2 = —cr into (9.3). We get (9.1) 
because $^^(zi) — $^^(^2) = ^(o)(-2i, -22)- Alternately, we can take the limit zq q 
in the identity 

V'''izi,zo)V-'''iz2,zo) = V'"{zi,Z2); 
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(b) The non-rooted and non-chiral vertex field of J^^^) -theory, 

see (8.13). This follows from the identity + = 2Re$^^ = $(0)5 

(c) The dual vertex field of J^(6)-theory, 

(It is the properly normalized and modified exponential of the harmonic conjugate 
bosonic field ^, sec (7.1).) Note that is a real field if a G M. (In general 

0(<^.<^*) is real if and only if a* = a.) 

• Multipoint vertex fields. We can extend the definition to products of n fields, e.g., 

^ . . . ^ 0^''-\zn) = M,---Mn HiWj - y;^)-^-*e®^"^*("o)(^l)+-^'^"*w(-n). 

j<k 

In particular, we have 

(9.5) EC('^i''^*i)(zi) • • *C»('^"''^-)(^„) = J]EC»('^^''^*^)(z,) J] Lj,k{zj,Zk), 

j 3<k 

where 

L,- fc(z„ Zk) = {wj - WkYi''''{wj - WkY*'''*^{wj - WkY^"*''{wj - WkY'^^K 

In general, the operation ★ is commutative (in the sense of multivalued functions), 
associative, and real (i.e., A-k B = A-k B). 

• Cardy's equations and SLE martingale-observables. It is not difficult to show that 
Cardy's equations survive under the normalization procedure. 

Proposition 9.3. Normalized correlations M of chiral vertex fields (and their com- 
plex conjugates) satisfy Cardy's equations: 



2a2 

Example. Let M = EX, where 

X{zi, ■■■ ,Zn) = 0(^l''^*l)(zi) * • • • *0(^"'^™)(Z„). 

In (H, 0, oo), M reads as 

n4^"^;""(^, - zjY'''*^ - z^Y'^'^h - -zkY^'^'K^j - zkY'^-'-ih - ^kY""' 

and satisfies the 1st order linear PDE 



3 



Cardy's equation for M is the 2nd order PDE 

^(E^.+a,fM = -«.+6)E(3 + t)^+KEf + f)'^ 

.7 7 J J 



^/ a- A. a A.,\ 
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Proposition 9.4. Normalized correlations of chiral vertex fields (and their complex 
conjugates) are SLE observables. 

This follows from the argument in the proof of Proposition 9.1. 

• Conformal dimensions at q. The next proposition gives a necessary and sufficient 
condition for a multipoint vertex field to be a 0-boundary differential at q. 

Proposition 9.5. LetX{zi,--- , z„) = C'('^i''^*i)(zi) ★ • • • * C>('^'"'^*")(2„). Then X 

is a boundary differential at q of dimension 

A,(X) = (a - 6)E + ^E2, E := ^(a,- + a.j). 

j 

In particular, 

Xq{X) =0 if and only if E = or E = 26 — 2a. 

Proof. Let Mj{zj) = EO^''i'''*i\zj) and Ej = aj + a^j. Since X/(EX) is a 0- 
boundary differential at q, it follows from (9.5) that 

A,(X) = ;^A,(M,) + ^A,(L,,fc) 

j j<k 

= ^ ((a - 6)E, + ^E|) + ^ E,E, = (a - 6)E + ^E^. 

j 3<k 

□ 

9.3. 1-point martingale-observables 

• Vertex observables. Recall the expression for the 1-point observables that we get 
from vertex fields: 

where 

(9.6) ^ ~ ^ — ^* ~ ^ ~ '^*^' 

We can rewrite M in terms of the conformal radius: 

Recall that C = \w — w\l\w'\ \ and (C || id£)) x dist(-, dD). If we ignore the constant 
factor i""* , then 

It follows that the 1-point observable M^'^''^*^ has non-trivial boundary values on 
dD \ {p, q} only if either a or o"* is zero. 

• Unlike the holomorphic case, see Proposition 9.2, not all 1-point martingale- 
observables can be represented by vertex fields. For example, Schramm's observable 

M{z) = P{z is to the left of 7}, {0 < k < 8, z e D) 

is not of the form M = M^'^'°'*\ (The winding number of the positively oriented 

closed curve 7 U around z is well-defined because z is off the curve 7 almost surely. 
This winding number is either or 1 since 7 is almost surely non-self-crossing. We 
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say that z is to the left of 7 if this winding number is 1.) Indeed, Schramm's 
observable has dimensions A = A* = Ag = but the scalar field / = 1) is the 
only vertex field with such dimensions. 

In addition to vertex observables, we can consider expectations (and correlations) 
of singular vectors (so we get "primary" observables). The simplest is the case of 
level one singular vectors, which are (up to conjugation) just the S^-derivative of 
scalar fields. It is of course always true that derivatives of martingale-observables 
are martingale-observables. Conversely, if a martingale-observable X is a (1,0)- 
differential, then for any curve a, J^X is a local martingale. We continue this 
discussion in the next section. 



• Example: Schramm's observables. Let M(z) = P{z is to the left of 7}. Then dM 
is a martingale-observable with 

A = 1, A* = 0, A^ = 0. 

It is easy to find a vertex field with these conformal dimensions (applying (9.6) and 
Proposition 9.5), namely O^"^"'^''), so its expectation 

\ \w\ J w 

is a natural candidate for dM (up to a constant). (If k = 2, then 

w{w — w) 

is the other possible martingale-observable. However, M is the function of asgw 
only, so it cannot be a "primitive" of EO^^'"^).) 

Let iV be a primitive of EO(-2«'2fc)^ i.e., dN = E 0(-2"'2^'). In (H, 0, 00), on a circle 
z = re*^ we have 

dN = {sin e)i-^d9, 

therefore 

N{z) = / (sint)«~2dt. 
Jo 

Taking into account the boundary values of M, we get the presumptive formula 

{sin t) ^ '"^ dt 
M{z) = , 9 = aTgw{z). 



f 

Jo 

8 

/ (sint)«-^di 
Jo 



We only need to apply the optional stopping time (and some basic SLE properties) 
to justify it rigorously. 

• Example: Beffara's observables. Let k < 8 and P(z, e) denote the probability that 
the SLE curve hits the disc at z of size e, where e ^ 1 is measured in a local chart 
0. We define 

(9.7) (M(^)||,^) = lim^^, 
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where 6 is some positive number. If the hmit exists and is non-trivial (for all z e D), 
then M is a real martingale-observable of conformal dimensions 

A = A* = 6/2, Xq = 0. 

It is clear that the vertex field has those properties. (The only other 

possibility (a, a*) = ±{V5, —VS) with k = 4 gives wrong boundary values.) We 
can conjecture that M is E Q(f>-a,b-a) ^ constant. Then 

S = 2X = {b-af- 26(6 - a) = 1 - J 

8 

and 

M{z) = const yt+f -2 . \z\^-^ (in H). 

The justification of this conclusion (in particular, the existence of the limit (9.7)) 
is not as easy, e.g., see [LWIO]. Beffara proved the estimate 

(9.8) P{z, e) X £i-t E C»(^-«'^-«) 

and used it together with the second moment estimate to derive that the Hausdorff 
dimension of SLE curves is almost surely 1 -|- ac/8, see [Bef08]. 



9.4. Multi-point observables 

There are many natural, geometrically defined SLE multi-point observables, e.g., 
various multi-point generalizations of Schramm's and Beffara's observables, or the 
Fricdrich- Werner observables in the case k ^ 8/3. Can vertex fields ("Coulomb 
gas formalism") be useful in the identification (heuristical) of (at least some) of 
them? The answer is not obvious but in any case it is clear that it would be useful 
to construct, in addition to vertex observables, as many "primary" observables as 
possible. For example, Friedrich-Werner's formula involves correlations of a singular 
vector. One can consider singular vectors (of all levels) and one can also modify 
correlations of primary fields by "screening," one of the basic operations in Coulomb 
gas formalism. Let us start with a historically important: 

• Example: Cardy's observables. Let k>4, zED,riEqpG dD, where qp is the 
positively oriented arc from q to p. Three "geometric" observables: 

are all real with all conformal dimensions zero. No such vertex exists except the 
scalar field I. We will argue as in the case of Schramm's observable in Section 9.3. 
We try to identify the derivative dM with a multi-point vertex field which has 
conformal dimensions 

(9.9) A = 1, A* = 0, A^ = 0, Xg = 0. 

By dimension calculus, see (9.6) and Proposition 9.5, we immediately find that the 
vertex field 0^~'^°'\z) * 0^'^'^\rj) satisfies (9.9). Let N he & martingale-observable 
(scalar in all variables) such that 

dzN{z,r]) = constEO(-2«)(z)*0(2^)(?7) = {w - Wr^)^'^ w' , 
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where w = w{z) and uUjj = w{rj). We will take 

rEO(-2'^)(C)*0(2'')(r?) 
Jp 

Niz) 



rE(!}(-2«)(C)*C>(2'')(^) 
Jp 



where ( is the integration variable. The integral converges because k > 4. By 
Schwarz-Christoffel, is a conformal map onto the triangle with angles (1 — 4/k) vr 
at N{p) = and N{q) = 1, and (8/k - l)7r at iV(r?) with ReiV(?7) = 1/2. Using 
the stopping time t = Tz ATjj and the fact (basic complex analysis) that 

Nr = if Tz< Tri, Nr = I if > T^, = ^ + iImiV(?7) if Tz = T^, 

we easily justify Cardy's formulae 

^, X N ImiV(z) ^, , ImiV(z) 

• Cardy's formulae in the boundary case (z = r/o € describe the probability 
that the SLE curves hit some boundary intervals. 



Proposition 9.6. IfrjoE: rjp, then 

'"''EC)(-2«)(C)*C>(2*)(r7) 

P(7 hits r/r/o) 



''eo(-2«)(c)*o(2^')(^) 



where ^ is the integration variable. 

Proof. The event {r^g > r^} does not occur. Thus we get 

P(7 hits Wo) = P(t^o < ^r,) = 1 - P(r^o = T^) = 1 - N{rjo)/N{rj). 



□ 



The denominator in the right-hand side is a constant by conformal invariance. In 
the (H, 0, oo)-uniformization, we have 

(9.11) P(7hits [x-e,x]) = ^ f t^-'^{l - t)'^ dt, 

Jo 

/•I g 4 

where = / i ^"^(l - t)" - dt, cf. [RS05]. 
Jo 

Proposition 9.7. Let r]o & qr] . Denote by P{£;r]o,ri) the probability that 7 hits a 

(boundary) e -neighborhood of r]o but not the arc rjorj, then (up to the same constant 
as in the previous proposition) 

e^O e 

Indeed, the limit is the probability density function of P(r,7o — '^'n)- 
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Proposition 9.8. Let k G (4,8). For r) G dD (r) ^ p,q) let I{r],£) denote the 
boundary interval with endpoint rj of length e, where e <^ 1 is measured in a local 
chart 6. Then 



lim P(7 hits I{r],e)) = const {M^'^^-'^"-\r]) \\ 0), 
where const is the normalization constant which depends on {D,p,q) and k. 



Proof. It suffices to show this in the (H, 0, oo)-uniformization. Then the statement 
follows from (9.11). □ 

• Screening. This is a general method of constructing primary obscrvables which 
we already used in the case of Schramm's and Cardy's observables. The sim- 
plest situation is as follows. Suppose we want to find 2-point boundary SLE(ac) 
martingale-observables M{r]i,r]2) with given dimensions let's say A, A, and 0, at 
1II1V2 G dD, and q, respectively. It is not difficult to write down a differential 
equation in (H, 0, 00) : 

'^{dr,,+dr,,fM+(^ + ^)M-X(\ + \)M = 0, 

4 ' V 771 772/ \r]f r]^J 

but it is not clear how to solve it. We will try to guess some solutions. 
Vertex observables give us solutions only for some special values of A, e.g., 

E O^''-") (r/i) ★ (772) for A = 1/2 - k/16. 

(If K = 4, then we actually have solutions 

We can also consider singular vectors (like T for k = 8/3, A = 2 as in Priedrich- 
Werner's formula) but, again, they only work in some special cases. 

We will now discuss a different type of 2-point boundary martingale-observables 
M{r]i,r]2). Consider the field 

N{vi , r?2; C) = E ©('^i) (r?i) * O^'^^) (772) * C^^) (C) , 
where we choose ^ 

s = —2a or s = - = 2a-\-2b 
a 

(so that the "screening" field 0(*) is a 1-differential). In the (H, 0, oo)-uniformization, 

we have 

(9.12) N{m,V2; C) = (^1 - V2r'''iC - mr^iC - mT'. 

By proposition 9.5, Ag = if and only if 

+ o"2 + s = or 26 — 2a. 
The idea is to integrate out the variable The following lemma is obvious. 
Lemma 9.9. For any path a, the field 

(9.13) M{rji,r)2) = / N{r]i,r]2',C) (integration with respect to (^) 

J a 

is a martingale-observable with conformal dimensions Xj = (j|/2 — ajb,Xq = 0. 
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We are free to choose the path a. as we wish but since we do not want to have any 
additional marked points, the natural choices for a are the following arcs: 

'729, ??1'72 

(or integer combinations of those; in some other cases, wc can also consider small 
half- loops around r^j or q). However, there are integrability restrictions: e.g., to use 

a = ?7igr we need 

sa\ > —1 and s{a + ui + (72) < —1, 

see (9.12). 

Example. Suppose A > —6^/2. If we choose s = —2a, and 

ai = b- Vb^ + 2A, a2 = b+ + 2A, 

then we have 

Ai = A2 = A, Xq = 0. 
The integrability condition is always satisfied at rji and it is satisfied at q if and 
only if At > 4. It follows that for k > 4 and A > — (k — 4)^/(16«;) we have solutions 

(9.13) with a =??ig . On the other hand, the integrability condition is satisfied at 
7/2 if cr2 < a + b, so for all k > and A such that 

we have solutions (9.13) with a =7717/2 • These solutions generalize Cardy's observ- 
ables mentioned earlier, which correspond to the case A = 0. 



Remark. This construction can be extended to the case of several screening fields; 
it can be applied to singular vectors, etc. 
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